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The calculus of relations provides a basic tool for describing and manipulating specifica-
tions of programs of a machine. A specification of a program may be represented by a
relation R on the set X of states of the machine. The programs which satisfy this specifi-
cation are those having the property that, if y O X is a terminal state corresponding to
running the program with initial state x 0 X, then (x,y) O R. The fact that the setQ (X)

of relations on a set X, partially ordered by inclusion of relations as subsets of the product
X x X, admits arbitrary joins, given by unions of subsets of the product, allows the con-
struction of the weakest specification satisfied by any class of programs. This weakest
specification may be obtained simply by taking the join of all specifications satisfied by
each program in the class. In particular, it follows that, for any program Q and any speci-
fication R , there exists a weakest specification with the property that it is satisfied by
precisely those programs P for which the program P;Q , namely P followed by Q, satis-
fies the specification R. The specification obtained in this way, denoted Q\R, is called
the weakest prespecification of the specification R given the program Q. This construc-
tion, together with others concerning the calculus of relations in the context of specifica-
tions of programs, may be found in the fundamental paper of Hoare and He [3].

The present paper shows that these constructions can be carried through to the case in
which the behaviour of the machine is quantised, by replacing the set X of states by a Hil-
bert space H of states, by applying the concept of a quantale, introduced in [4]. In making
this generalisation, our motivation initially is no more than the realisation that in other
non-deterministic situations the introduction of this quantisation, in which the lattice of
subsets of the set X is replaced by that of closed subspaces of the Hilbert space H , is
extremely productive. However, the structures that begin to appear once this generalisa-
tion is allowed to evolve indicate that there may already exist intrinsic reasons for ex-
tending the calculus of relations in this way. In particular, there emerges a natural
relationship with the concept of Gelfand quantale [6] arising in the spectral theory of C"-
algebras [7] which appears to merit further investigation. This, together with the appear-
ance of certain operations encountered already within the context of linear logic, then

becomes the primary motivation for considering the quantisation of the calculus of rela-
tions which will be introduced.

1. QUANTALES OF RELATIONS

DeriniTions. By a quantale Q will be meant a lattice having arbitrary joins \/ together
with an associative product & satisfying

a& V b=V a&b;
and

Vaj&b=V a&b

for all a,b,a;,b; 0 Q. The quantale Q will be said to be unital provided that there exists
an element e 0 Q for which

e&a=a=a&e
forall a0 Q.

By an involutive quantale will be meant a quantale Q together with an involution; that is,
with a unary operation *, satisfying

a®=a
(a&b)" = b"&aV

and (Va)“=val

forall a,b,a; 0 Q. Inthe event that Q is also unital, then necessarily
eU=e.

By a homomorphism of quantales will be meant a \/- and &-preserving mapping
$:Q- Q.

The homomorphism ¢ will be said to be unital provided Q and Q’ are unital and
be)=¢,

for e and e’ the respective units of Q and Q’. If Q and Q’ are involutive quantales, the
homomorphism ¢ will be said to be a homomorphism of involutive quantales if ¢ pre-
serves the involution.

exampLEs. 1. Any locale L provides a trivial example of a unital involutive quantale, by
taking the lattice L together with the product given by the meet [J, with unit given by the
top element 1, and by defining a¥=a forall adL.

2. Any CP-algebra A with unit determines a unital quantale Max A by taking Max A
to be the lattice of closed linear subspaces of A together with the product given by




multiplication of subspaces followed by closure. The quantale Max A is also involutive
with involution defined by

MI={x"0A | x0OM}
for any closed linear subspace M of A.

3. The set Q (X) of relations on a set X, partially ordered by inclusion of relations, is a
unital quantale with multiplication given by
R&S={(x,y) OXxX|0zOX (x,2)OR and (z,y) OS}

forany R,S O Q (X), and with the equality relation providing the unit. Moreover,
Q (X) is involutive, with involution defined by

RO={(y,x) OXxX| (x,y) OR}.

The quantale L obtained trivially from a locale, the quantale Max A which is the spec-
trum of a C*-algebra A, and the quantale Q (X) of relations on a set X are each in-
stances of the concept of a Gelfand quantale, in the sense now described:

DeriniTions. An element all Q of a quantale Q is said to be right-sided if
a&b<a

for all b0 Q. Similarly, all Q is said to be left-sided if b&a<aforall bOQ . The
quantale Q is said to be right-sided (respectively, left-sided) if every a0 Q is right-
sided (respectively, left-sided). We observe that the subsets of right-sided and of left-
sided elements of Q, R(Q) and L(Q) respectively, are quantales with respect to the op-
erations of the quantale Q .

A quantale Q will be said to be a Gelfand quantale provided that Q is unital, involutive,
and satisfies the condition

a&a"&a=a
forall a 0 R(Q) . We observe that this is equivalent to asking that
a&a“&a=a

forall a0 L(Q),since aOR(Q) if, and only if, a¥ 0 L(Q) .

Fora CM-algebra A the right-sided elements of the quantale Max A are the closed right
ideals of A and the left-sided elements are the closed left ideals of A. The quantale
Max A is, moreover, the motivating example of a Gelfand quantale, first introduced by
Mulvey [5] to provide a concept of the spectrum for non-commutative C"-algebras (see
also [6,7]).

To see that Max A is a Gelfand quantale, let | be a closed right ideal and let x O I. By
the construction of approximate units in A, there exists a sequence (e,) of self-adjoint
elements of | for which

enX - X

in A. The closed linear subspace U generated by the (e,) obtained for each x O 1 then
satisfies

uP=uUc<l<u&l
by definition. Hence,
I <U&I<U&U&I < 1&IP&I <1,

since | is a right ideal, so 1= 1&I°&lI.

In the case of Q (X) , the quantale of relations on the set X, we observe that the right-
sided elements are those relations R, for A 0 X given by

Ra={(xy) OXxX|xOX-A}.

Clearly, relations of this form are right-sided. Moreover, if S is any right-sided relation,
we must have

S&1<S,

where 1 is the relation {(x,y) OXxX|x OX, y O X} . Hence, S=Ra, where
X-A={x0OXl|(x,y)OS forsomey OX}.

Similarly, the left-sided elements of Q (X) are those relations L, of the type
La={(xy) OXxX|yOA}.

It is the observation that R7 =Lx-a and L7 =Ry-a that permits us to establish the theo-
rem:

Treorem 1. For any set X, the quantale Q (X) of relations on X is a Gelfand quantale.

Given an involutive quantale Q, the quantale R(Q) of right-sided elements of Q can be
endowed with a negation operation [ by defining

a’= \/ b

a’&b=0

for a,b OR(Q) ; thatis, a® is the largest element of R(Q) such that
a"&a"”=0.

It is easy to see that

a<a™




and that
(Va)?=Aa’

for all a,a; OR(Q) . Similarly, L(Q) , the quantale of left-sided elements of Q, also pos-
sesses a negation operation [ defined by

=\ a

a&bt=0

for a,b OL(Q); "b is the largest element of L(Q) such that
"b&b=0.

For any right-sided element Ry of Q(X) one observes that
RO&Rxa =0,

and that Rx-a is the largest relation S having the property that
RE&S=10.

Hence,
RY = Ry-a.

Similarly, one observes that
HLa =Lyx-a.

In general the negations on R(Q) and L(Q) do not provide a true complement in the
lattice sense. However, there is a connection in the case of a Gelfand quantale between
the notion of a negation and that of a complement, as is demonstrated by the Corollary to
the following Proposition:

ProposiTion. For any Gelfand quantale Q, the quantale R(Q) of right-sided elements
has the following properties:

(i) a&ka=a
(i) aObs<a“&b
for every a,b OR(Q) .

Proor. For any a 0 R(Q) , we have
a&a<a=a&a"&a<a&a,

which establishes (i). Moreover,
a=a&a"&a<1&a"&a<a&a,

since a"&a 0 L(Q) . Thus, noting that the meet of right-sided elements is again right-
sided, we have that

alb < (a0b)“&(a Ob) < a&b,

which establishes (ii).

CoroLLARY. If Q is a Gelfand quantale, then
aba"=0

forall a dR(Q) .

We note that the analogous results for L(Q) are established similarly.

2. QUANTALES OF LINEAR RELATIONS

The aim now is to quantise the construction of the quantale Q (X) of relations on a set X
to yield the quantale Q (H) of linear relations on a Hilbert space H. The quantale Q (H)
will be shown to be once again a Gelfand quantale, albeit with, as will also be seen to be
the case with the quantale Q (X) , certain properties in addition which will be considered
in the next section. The observation that allows this quantisation to take place is the fol-
lowing concerning the quantale Q (X) .

For any relation R on a set X, one may consider the mapping ¢r from the power set
O (X) of the set X to itself which assigns to each A O [0 (X) the subset

(A)or={yOX|OxOA (x,y) OR}
of X. The mapping
$r:0(X) - O(X)

is evidently a sup-preserving mapping from the sup-lattice O (X) to itself. Moreover, it
may be straightforwardly verified that any sup-preserving mapping

$:0() - 0X)

arises in this way from a unique relation on the set X. The multiplication of the quantale
Q (X) is exactly that corresponding to composition of mappings, with mappings com-
posed in the categorical sense to the right of their arguments, and the supremum is that
corresponding to the pointwise ordering of mappings into the sup-lattice O (X) . The unit
of the quantale Q (X) , given by the equality relation on X, corresponds in this way to the
identity mapping on O (X) .

The quantale Q (X) may therefore be identified with the quantale of sup-preserving map-
pings from the sup-lattice O (X) to itself. The way forward to the quantisation of these
ideas is now evident. The sup-lattice O (X) of subsets of the set X may be replaced by the
sup-lattice O (H) of closed linear subspaces of the Hilbert space H to yield the following




definition:

DeriniTion. By the quantale Q (H) of linear relations on a Hilbert space H will be meant
the quantale of sup-preserving mappings from the sup-lattice O (H) of closed linear sub-
spaces of H to itself.

The sup-lattice O (H) is canonically isomorphic to that of projections on the Hilbert
space H. In particular, O (H) is partially ordered by inclusion of closed linear subspaces,
the supremum being given by taking the closure of the algebraic sum of the linear sub-
spaces concerned. The quantale Q (H) has product given by composition of sup-
preserving mappings and supremum defined pointwise with respect to the partial ordering
on [0 (H) . Its unit is given by the identity operator.

Concerning this quantale, one may now prove the following:

THeorem 2. For any Hilbert space H, the quantale Q (H) of linear relations on H is a
Gelfand quantale.

Before doing so, and without any comment on the semantics that we have in mind, we
make the immediate observation that the quantale structure of Q (H) leads to the exis-
tence of a quantised analogue of the construction of the weakest prespecification of Hoare
and He ([3]). Namely, given any elements ¢, O Q (H), there is an element

o\ O Q (H) with the property that it is the largest element § of Q (H) satisfying the
condition that

E&d <y

in the quantale Q (H) . Of course, the element is constructed exactly by taking the supre-
mum of all elements of Q (H) satisfying this condition.

The sup-lattice O (H) is rich in structure; in particular, it is orthocomplemented; that is,
forevery M O 0O (H) there exists a closed subspace M™ of H such that

M = M
(VM)P= AM?
MOME=H
MOME=0.

Using this structure, one can construct an operation * on Q (H) by defining

M)3o“=( V N)~

(N)p<MD

for all sup-preserving mappings from [0 (H) to itself and for all M,N O O (H) . In other
words, (M)$U is the closed subspace of H of which the orthogonal complement
(M) DT is the largest satisfying

((M)$")"p <M™.

If N< (MDY, then (N)p <MY, so it is immediate that
N< (M) = (N)o <M".

Thus, using the fact that N<M = M < N we have that
N< (M) = (N$“<Mm”

< M<((N)99)"
= (M) <N”

= N<((M))7,
which shows that (M)¢™ = (M)¢ for all M O O (H) , and, hence, that ¢™=¢.

A similar use of the properties of 0 and of * allows us to complete the verification of
the fact that * is an involution on Q (H) , namely

G&W)" = Y &b
(V)" = Ve,

for ¢,¢;, 00 Q(H).

In analysing the right-sided and left-sided elements of Q (H) , we return to the analogy
with the quantale Q (X) of relations on the set X , of which notion Q (H) is the quantisa-
tion. We have in that case described right-sided and left-sided relations as being of the
form Ra and La, for A0 X, where

Ra={(xy) OXxX|xOX-A}
and
La={(xy) OXxX | yDA}.

Under the identification of Q (X) with the quantale of sup-preserving mappings from
O (X) toitself, Ra and La clearly correspond, respectively, to the sup-preserving map-
pings Ax and Ka , where

OX unless
B)As =
B Ho BOA

and

OA unless
B)ka =
Bk Hos=0.

The obvious generalisation to Q (H) yields a description of the right- and left-sided
elements. We define Ay , for MO 0O (H) , by




OH unless
N)Am =
(NAw Ho N<M,

for NO O (H). It is clear that Ay is a sup-preserving mapping from O (H) to itself and
that

A& <Ay

forall ¢ 0OQ (H) . Moreover, if ¢ is any right-sided element of Q (H) , we must have

P&1<0,
where
OH unless
N)1 =
M Ho N=0.

Then, clearly ¢ must be of the form Ay , where
M=V {NOOH)| (N =0}.
Similarly, we define ky , for M O O (H), by

OM unless
N)Kpm =
Nxw=8o n=o.

Sup-preserving mappings of the form k\, are the left-sided elements of Q (H).

As in the case of Q (X) , the verification that the involutive quantale Q (H) is a Gelfand
quantale, that is, that

)‘M&)\I\DA&)\M :)\M
forall M OO (H) , turns on the fact that A§; = kyo. For, by definition,
(NAy = (( VAR

L)Ay<NU

Since (L)Am < NP when N=0and L is any closed linear subspace of H or when N #0
and L <M, we see that

(O =HP=0
and for N#0,
(NAy =M,
which shows that
Abp = Ko
This completes the proof of the theorem, since it is easy to see that

)\M&KMD&)\M :}\M-

We remark that from the above relation,
Ko =AML = Ao,
as well.
Finally, we examine the negation operations on R(Q (H)) and L(Q (H)) to establish their

connection with the orthocomplement on O (H) and the involutive structure of Q (H) .
Recalling that for a right-sided element A of Q (H) , AY is the largest element such that

AZ&AT =0,
we see that Ao < A since clearly
AI&A AT =Kao&Apn =0.
On the other hand, if § 0 R(Q (H)) is such that
Kao&$ =0,
it must be the case that ¢ < Ao, so that
A =Aan.

A similar calculation shows that "k, = Ko for any left-sided elemen k of Q (H). Put-
ting these results together with those above, we see that the involution and the negation
are related in the following way:

)\E = DKA
0O — 30
Ka = A4

3. HILBERT QUANTALES

It was seen in the last section that the construction of the quantale Q (X) of relations on a
set X could be quantised to yield a Gelfand quantaleQ (H) of linear relations on a Hilbert
space H, thus permitting a quantised analogue of the weakest prespecification. The prop-
erties that were exploited in this quantisation were the identification of the quantale Q (X)
with the quantale of sup-preserving mappings from O (X) to itself, and the structure of
the sup-lattices O (X)and O (H). In particular, it was the fact that O (H) , the sup-lattice
of closed linear subspaces of the Hilbert space H, is orthocomplemented that proved to be
of great significance, replacing the complementation present in the sup-lattice O (X) of
subsets of the set X .

We now extract these salient facts and generalise the construction of the quantale of lin-
ear relations to a more abstract setting in which we begin by being provided with an
orthocomplemented sup-lattice S. We recall that a sup-lattice S is said to be orthocomple-
mented if there exists a unary operation O on S satisfying the conditions that:




st =5
(Vs = As?
sOs” =1
sOs” =0,

forall s,s; OS.

DeriniTion. By the quantale Q (S) of endomorphisms of the orthocomplemented sup-
lattice S will be meant the unital quantale of sup-preserving mappings from S to itself,
with the supremum given by the pointwise ordering of mappings, with the multiplication
corresponding to composition of mappings, and with the unit given by the identity map-

ping.

As in the case of Q (H) , we can define an involution * on Q (S) by setting

©9"=(V v~
(09

for ¢ O Q(S) and s,tOS; that is, (s)$p" is the element of S of which the orthogonal
complement is the largest element satisfying

((5)9") "9 <7
Using the fundamental property
t< ()9 = Op =5,

which is true for all ¢ O Q (S) and s,t S, one can verify that Q (S) is an involutive
quantale with * as its involution, which is the first step towards establishing:

Theorem 3. For any orthocomplemented sup-lattice S, the quantale Q (S) of sup-
preserving mappings from S to itself is a Gelfand quantale.

The right- and left-sided elements of Q (S) can be described in a manner totally analo-
gous to those of Q (H) . We define for s O S, the sup-preserving mappings As and Ks,
given by:

01 unless

A =
(A EO t<s

and

Os unless
DKs =
=0 1=0.
All right-sided elements of Q (S) are of the form As for some s O S, whilst mappings of
the form K, characterise the left-sided elements.

The same properties relating A, K, the involution, and the negation operation available on
R(Q(S)) and L(Q(S)), as defined in Section 1, also pertain:

)\SD = Kso
)\E = )\SE
]KS = Kso.

These in turn imply that:

KSD = Ao
K§ = ks
kP = AL

The final step in the proof of the theorem, namely that
As&AT&As = s,

follows readily from these relations.

Since these quantales of the form Q (S) have arisen in considering generalisations of the
quantale Q (H) of linear relations on a Hilbert space H, we make the following defini-
tion:

DeriniTion. A Gelfand quantale Q will be said to be a Hilbert quantale if it is isomorphic
to a Gelfand quantale of the form Q (S) for some orthocomplemented sup-lattice S.

Our aim is now to characterise such quantales.

We recall from the Proposition and Corollary of Section 1 that whenever Q is a Gelfand
guantale, then the quantale R(Q) of right-sided elements of Q is an idempotent right-
sided quantale for which the negation operation J, given by

a’= \/ b,
a"&b=0
satisfies
a < a™,
(Va)" = Aay,
and
ala”=0,

for each a,a; O R(Q), but which is not necessarily an orthocomplement. On the other
hand, if Q is of the form Q (S) for some orthocomplemented sup-lattice S, then the nega-
tion O on R(Q(S)) is necessarily an orthocomplement in view of:




ProrosiTiON. For any orthocomplemented sup-lattice S, the mapping
X:S - R(Q(S)

defined by
(S)X =Aso

is an isomorphism of orthocomplemented sup-lattices.

Proor. The mapping X is clearly onto. It is one-one since if s<t and s#t, then
(Ao =0, (DA =1

and if s£t, then
(Do =1, (A =0.

The mapping X preserves order since
s<tO t9<sP 0 A< Aw O (S)X < (DX.

Finally, we note that

(X =Aso = (As)” = ()X

CoroLLARY. For any orthocomplemented sup-lattice S, there is an isomorphism
0g:Q(5) - QREQO))

of Gelfand quantales given by
(®)a=x"1dx

foreach ¢ OQ(S) .

In the general case of an arbitrary Gelfand quantale Q , however, there already exists a
mapping

Q- Q(RQ))
given by (a)u = 112, where
(b)Tt, = a"&b,

which clearly preserves sups, & , and the unit. If we further assume that R(Q) is or-
thocomplemented, then for p to be a homomorphism of Gelfand quantales it is necessary
and sufficient to verify that

@ =(@mu"
forall a0 Q. If bOQ, we have

(b)(@"p = (b)Ta0 = a&b = a&b

and

O)(@W" = BTG = (V (rebo )" = (Vatgosye ©)”
= (\/bL&aJ&c:O C)D = (\/(a&h)L&c:O C)D = (a&b) -

What is proved is:

ProposiTion. For any Gelfand quantale Q,
H:Q - Q(RQ)

is a homomorphism of Gelfand quantales if, and only if, R(Q) is orthocomplemented.

Thus, when Q is a Hilbert quantale, that is, a quantale isomorphic to one of the form
Q (S) for some orthocomplemented sup-lattice S, the situation at which we have arrived
is that there exist two mappings:

o.u:Q - QRQ),

one of which has been shown to be an isomorphism. We claim that o and p are the same
in this case.

To wit, identifying Q with the quantale Q (S) to which it is isomorphic, let ¢ O Q(S) (
= Q) and consider an arbitrary element As of R(Q) . We have

As)d)o = A)Xdx = (DX
= Ao
As) D = As)Ty = ¢ &As .

FortQds,
01 unless
A =
() [(CRLE EO ts((sﬂ)q))ﬂ
and
01 unless
)I&As =
O &A=00 (oo<s.

But oP<s = t<((sP)p)” by the fundamental property of the involution on Q (S) .

Recalling that the canonical morphism p:Q —» Q (R(Q)) is a homomorphism of Gel-
fand quantales if, and only if, R(Q) is orthocomplemented, we have achieved the follow-
ing characterisation of Hilbert quantales:




THeorem 4. A Gelfand quantale Q is a Hilbert quantale if, and only if, the canonical
mapping

H:Q - QRQ)

is an isomorphism of Gelfand quantales.
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