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The calculus of relations provides a basic tool for describing and manipulating specifica-
tions of programs of a machine. A specification of a program may be represented by a
relation R on the set X of states of the machine. The programs which satisfy this specifi-
cation are those having the property that, if  is a terminal state corresponding toy ∈ X
running the program with initial state , then . The fact that the setQ x ∈ X (x, y) ∈ R (X)
of relations on a set X, partially ordered by inclusion of relations as subsets of the product

, admits arbitrary joins, given by unions of subsets of the product, allows the con-X × X
struction of the weakest specification satisfied by any class of programs. This weakest
specification may be obtained simply by taking the join of all specifications satisfied by
each program in the class. In particular, it follows that, for any program Q and any speci-
fication R , there exists a weakest specification with the property that it is satisfied by
precisely those programs P for which the program , namely P followed by Q, satis-P; Q
fies the specification R. The specification obtained in this way, denoted , is calledQ\R
the weakest prespecification of the specification R given the program Q. This construc-
tion, together with others concerning the calculus of relations in the context of specifica-
tions of programs, may be found in the fundamental paper of Hoare and He [3].

The present paper shows that these constructions can be carried through to the case in
which the behaviour of the machine is quantised, by replacing the set X of states by a Hil-
bert space H of states, by applying the concept of a quantale, introduced in [4]. In making
this generalisation, our motivation initially is no more than the realisation that in other
non-deterministic situations the introduction of this quantisation, in which the lattice of
subsets of the set  X  is replaced by that of closed subspaces of the Hilbert space  H , is
extremely productive. However, the structures that begin to appear once this generalisa-
tion is allowed to evolve indicate that there may already exist intrinsic reasons for ex-
tending the calculus of relations in this way. In particular, there emerges a natural
relationship with the concept of Gelfand quantale [6] arising in the spectral theory of C∗-
algebras [7] which appears to merit further investigation. This, together with the appear-
ance of certain operations encountered already within the context of linear logic, then

becomes the primary motivation for considering the quantisation of the calculus of rela-
tions which will be introduced.

1. QUANTALES OF RELATIONS

DEFINITIONS. By a quantale Q will be meant a lattice having arbitrary joins  together
with an associative product & satisfying

a & bi = a&bi

and

ai & b = ai&b

for all . The quantale Q will be said to be unital provided that there existsa, b, ai, bi ∈ Q
an element  for whiche ∈ Q

e&a = a = a&e

for all . a ∈ Q

By an involutive quantale will be meant a quantale Q together with an involution; that is,
with a unary operation *,  satisfying

a∗∗ = a
(a&b)∗ = b∗&a∗

and     ( ai)∗ = ai
∗

for all . In the event that Q is also unital, then necessarilya, b, ai ∈ Q

e∗ = e.

By a homomorphism of quantales will be meant a - and &-preserving  mapping

ϕ : Q → Q .

The homomorphism  will be said to be unital provided Q and  are unital andϕ Q

ϕ(e) = e ,

for e and  the respective units of Q and . If Q and  are involutive quantales, thee Q Q
homomorphism  will be said to be a homomorphism of involutive quantales if  pre-ϕ ϕ
serves the involution.

EXAMPLES. 1. Any locale L provides a trivial example of a unital involutive quantale, by
taking the lattice L together with the product given by the meet , with unit given by the∧
top element 1, and by defining  for all . a∗ = a a ∈ L

2. Any -algebra A with unit determines a unital quantale   by taking   C∗ Max A Max A
to be the lattice of closed linear subspaces of A together with the product given by



multiplication of subspaces followed by closure. The quantale   is also involutiveMax A
with involution defined by

M∗ = {x∗ ∈ A x ∈ M}

for any closed linear subspace M of A. 

3. The set  Q  of relations on a set X, partially ordered by inclusion of relations, is a(X)
unital quantale with multiplication given by

R&S = {(x, y) ∈ X × X ∃ z ∈ X (x, z) ∈ R and (z, y) ∈ S}

for any Q (X) , and with the equality relation providing the unit. Moreover, R, S ∈
Q  is involutive, with involution defined by(X)

R∗ = {(y, x) ∈ X × X (x, y) ∈ R}.

The quantale  L  obtained trivially from a locale, the quantale  which is the spec-Max A
trum of a C*-algebra  A , and the quantale Q of relations on a set  X  are each in-(X)
stances of the concept of a Gelfand quantale, in the sense now described:

DEFINITIONS. An element a  of a quantale Q is said to be right-sided if∈ Q

a&b ≤ a

for all . Similarly, a  is said to be left-sided if for all . Theb ∈ Q ∈ Q b&a ≤ a b ∈ Q
quantale Q  is said to be right-sided (respectively, left-sided) if every  is right-a ∈ Q
sided (respectively, left-sided). We observe that the subsets of right-sided and of left-
sided elements of  and respectively, are quantales with respect to the op-Q, R(Q) L(Q)
erations of the quantale  Q .

A quantale Q will be said to be a Gelfand quantale provided that Q is unital, involutive,
and satisfies the condition

a&a∗&a = a

for all . We observe that this is equivalent to asking thata ∈ R(Q)

a&a∗&a = a

for all , since  if, and only if, .a ∈ L(Q) a ∈ R(Q) a∗ ∈ L(Q)

For a -algebra A  the right-sided elements of the quantale are the closed rightC∗ Max A
ideals of A and the left-sided elements are the closed left ideals of A. The quantale  

  is, moreover, the motivating example of a Gelfand quantale, first introduced byMax A
Mulvey [5] to provide a concept of the spectrum for non-commutative  (seeC∗-algebras
also [6,7]). 

To see that  is a Gelfand quantale, let I be a closed right ideal and let . ByMax A x ∈ I
the construction of approximate units in A, there exists a sequence  of self-adjoint(en)
elements of I for which

enx → x

in A. The closed linear subspace U generated by the  obtained for each  then(en) x ∈ I
satisfies

U∗ = U ≤ I ≤ U&I

by definition. Hence,

I ≤ U&I ≤ U&U&I ≤ I&I∗&I ≤ I,

since I is a right ideal, so .I = I&I∗&I

In the case of Q , the quantale of relations on the set X, we observe that the right-(X)
sided elements are those relations  for  given byRA A ⊆ X

RA = {(x, y) ∈ X × X x ∈ X − A}.

Clearly, relations of this form are right-sided. Moreover, if S is any right-sided relation,
we must have

S&1 ≤ S,

where 1 is the relation . Hence, , where{(x, y) ∈ X × X x ∈ X, y ∈ X} S = RA

X − A = {x ∈ X (x, y) ∈ S for some y ∈ X}.

Similarly, the left-sided elements of  Q  are those relations  of the type(X) LA

LA = {(x, y) ∈ X × X y ∈ A}.

It is the observation that  and  that permits us to establish the theo-RA
∗ = LX−A LA

∗ = RX−A

rem:

THEOREM 1. For any set X, the quantale  Q  of relations  on X is a Gelfand quantale. (X)

Given an involutive quantale Q, the quantale  of  right-sided elements of Q can beR(Q)
endowed with a negation operation  by defining⊥

a⊥ =
a∗&b=0

b

for ; that is,  is the largest element of  such thata, b ∈ R(Q) a⊥ R(Q)

a∗&a⊥ = 0.

It is easy to see that

a ≤ a⊥⊥



and that

( ai)⊥ = ai
⊥

for all . Similarly, , the quantale of left-sided elements of Q, also pos-a, ai ∈ R(Q) L(Q)
sesses a negation operation  defined by⊥

⊥b =
a&b∗=0

a

for  is the largest element of   such thata, b ∈ L(Q); ⊥b L(Q)

⊥b&b∗ = 0.

For any right-sided element  of  Q  one observes thatRA (X)

 ,RA
∗ &RX−A = ∅

and that  is the largest relation S having the property thatRX−A

RA
∗ &S = ∅.

Hence,

RA
⊥ = RX−A.

Similarly, one observes that

⊥LA = LX−A.

In general the negations on  and  do not provide a true complement in theR(Q) L(Q)
lattice sense. However, there is a connection in the case of a Gelfand quantale between
the notion of a negation and that of a complement, as is demonstrated by the Corollary to
the following Proposition:

PROPOSITION. For any Gelfand quantale Q, the quantale  of right-sided elementsR(Q)
has the following properties:

(i)  a&a = a

(ii)   a ∧ b ≤ a∗&b

for every .a, b ∈ R(Q)

PROOF. For any , we havea ∈ R(Q)

a&a ≤ a = a&a∗&a ≤ a&a,

which establishes (i). Moreover,

a = a&a∗&a ≤ 1&a∗&a ≤ a∗&a,

since . Thus, noting that the meet of right-sided elements is again right-a∗&a ∈ L(Q)
sided, we have that

a ∧ b ≤ (a ∧ b)∗&(a ∧ b) ≤ a∗&b,

which establishes (ii).

COROLLARY. If Q is a Gelfand quantale, then

a ∧ a⊥ = 0

for all .a ∈ R(Q)

We note that the analogous results for  are established similarly.L(Q)

2. QUANTALES OF LINEAR RELATIONS

The aim now is to quantise the construction of the quantale  Q  of relations on a set X(X)
to yield the quantale  Q  of linear relations on a Hilbert space H. The quantale Q (H) (H)
will be shown to be once again a Gelfand quantale, albeit with, as will also be seen to be
the case with the quantale Q , certain properties in addition which will be considered(X)
in the next section. The observation that allows this quantisation to take place is the fol-
lowing concerning the quantale Q .(X)

For any relation R on a set X, one may consider the mapping   from the power set ϕR

of the set X to itself which assigns to each  the subset℘(X) A ∈ ℘(X)

(A)ϕR = {y ∈ X | ∃ x ∈ A (x, y) ∈ R}

of X. The mapping

ϕR : ℘(X) → ℘(X)

is evidently a sup-preserving mapping from the sup-lattice  to itself. Moreover, it℘(X)
may be straightforwardly verified that any sup-preserving mapping

ϕ : ℘(X) → ℘(X)

arises in this way from a unique relation on the set X. The multiplication of the quantale  
Q  is exactly that corresponding to composition of mappings, with mappings com-(X)
posed in the categorical sense to the right of their arguments, and the supremum is that
corresponding to the pointwise ordering of mappings into the sup-lattice . The unit℘(X)
of the quantale Q , given by the equality relation on X, corresponds in this way to the(X)
identity mapping on .℘(X)

The quantale Q may therefore be identified with the quantale of sup-preserving map-(X)
pings from the sup-lattice to itself. The way forward to the quantisation of these℘(X)
ideas is now evident. The sup-lattice of subsets of the set X may be replaced by the℘(X)
sup-lattice of closed linear subspaces of the Hilbert space H to yield the following℘(H)



definition:

DEFINITION. By the quantale Q of linear relations on a Hilbert space H will be meant(H)
the quantale of sup-preserving mappings from the sup-lattice  of closed linear sub-℘(H)
spaces of H to itself.

The sup-lattice is canonically isomorphic to that of projections on the Hilbert℘(H)
space H. In particular, is partially ordered by inclusion of closed linear subspaces,℘(H)
the supremum being given by taking the closure of the algebraic sum of the linear sub-
spaces concerned. The quantale Q  has product given by composition of sup-(H)
preserving mappings and supremum defined pointwise with respect to the partial ordering
on . Its unit is given by the identity operator.℘(H)

Concerning this quantale, one may now prove the following:

THEOREM 2. For any Hilbert space H, the quantale Q of linear relations on H is a(H)
Gelfand quantale.

Before doing so, and without any comment on the semantics that we have in mind, we
make the immediate observation that the quantale structure of  Q  leads to the exis-(H)
tence of a quantised analogue of the construction of the weakest prespecification of Hoare
and He ([3]). Namely, given any elements Q (H) , there is an element ϕ, ψ ∈

Q (H)  with the property that it is the largest element  of  Q  satisfying theϕ\ψ ∈ ξ (H)
condition that

ξ&ϕ ≤ ψ

in the quantale  Q . Of course, the element is constructed exactly by taking the supre-(H)
mum of all elements of  Q  satisfying this condition. (H)

The sup-lattice is rich in structure; in particular, it is orthocomplemented; that is,℘(H)
for every  there exists a closed subspace of  H  such thatM ∈ ℘(H) M⊥

M⊥⊥ = M
( Mi)⊥ = Mi

⊥

M ∨ M⊥ = H
M ∧ M⊥ = 0 .

Using this structure, one can construct an operation * on  Q  by defining(H)

(M)ϕ∗ = (
(N)ϕ≤M⊥

N)⊥

for all sup-preserving mappings from  to itself and for all . In other℘(H) M, N ∈ ℘(H)
words, is the closed subspace of H of which the orthogonal complement(M)ϕ∗

is the largest satisfying((M)ϕ∗)⊥

((M)ϕ∗)⊥ϕ ≤ M⊥.

If , then , so it is immediate thatN ≤ ((M)ϕ∗)⊥ (N)ϕ ≤ M⊥

N ≤ ((M)ϕ∗)⊥ ⇔ (N)ϕ ≤ M⊥.

Thus, using the fact that we have thatN ≤ M ⇔ M⊥ ≤ N⊥

 

N ≤ ((M)ϕ∗∗)⊥ ⇔ (N)ϕ∗ ≤ M⊥

⇔ M ≤ ((N)ϕ∗)⊥

⇔ (M)ϕ ≤ N⊥

⇔ N ≤ ((M)ϕ)⊥,

which shows that for all , and, hence, that .(M)ϕ∗∗ = (M)ϕ M ∈ ℘(H) ϕ∗∗ = ϕ

A similar use of the properties of  and of  *  allows us to complete the verification of⊥
the fact that  *  is an involution on Q , namely(H)

(ϕ&ψ)∗ = ψ∗&ϕ∗

( ϕ i)∗ = ϕ i
∗,

for Q (H) .ϕ, ϕ i, ψ ∈

In analysing the right-sided and left-sided elements of Q , we return to the analogy(H)
with the quantale Q of relations on the set X , of which notion Q is the quantisa-(X) (H)
tion. We have in that case described right-sided and left-sided relations as being of the
form  and , for , whereRA LA A ⊆ X

RA = {(x, y) ∈ X × X x ∈ X − A}

and

LA = {(x, y) ∈ X × X | y ∈ A}.

Under the identification of Q  with the quantale of sup-preserving mappings from (X)
 to itself, and clearly correspond, respectively, to the sup-preserving map-℘(X) RA LA

pings  and , whereλA κA

(B)λA = 



X unless
∅ B ⊆ A

and

(B)κA = 



A unless
∅ B = ∅ .

The obvious generalisation to  Q  yields a description of the right- and left-sided (H)
elements. We define , for , byλM M ∈ ℘(H)



(N)λM = 



H unless
0 N ≤ M ,

for . It is clear that is a  sup-preserving mapping from to itself andN ∈ ℘(H) λM ℘(H)
that

λM&ϕ ≤ λM

for all Q (H) . Moreover, if  is any right-sided element of Q , we must haveϕ ∈ ϕ (H)

ϕ&1 ≤ ϕ,

where

(N)1 = 



H unless
0 N = 0 .

Then, clearly  must be of the form , whereϕ λM

M = { N ∈ ℘(H) | (N)ϕ = 0}.

Similarly, we define , for , byκM M ∈ ℘(H)

(N)κM = 



M unless
0 N = 0 .

Sup-preserving mappings of the form are the left-sided elements of Q .κM (H)

As in the case of Q , the verification that the involutive quantale Q is a Gelfand(X) (H)
quantale, that is, that

λM&λM
∗ &λM = λM

for all , turns on the fact that . For, by definition,M ∈ ℘(H) λM
∗ = κM⊥

(N)λM
∗ = (

(L)λM≤N⊥
L)⊥.

Since when and L is any closed linear subspace of H or when  (L)λM ≤ N⊥ N = 0 N ≠ 0
and , we see thatL ≤ M

(0)λM
∗ = H⊥ = 0

and for ,N ≠ 0

(N)λM
∗ = M⊥,

which shows that

λM
∗ = κM⊥ .

This completes the proof of the theorem, since it is easy to see that

λM&κM⊥ &λM = λM.

We remark that from the above relation,

κM
∗ = λM⊥

∗∗ = λM⊥ ,

as well.

Finally, we examine the negation operations on R(Q (H)) and L(Q (H))  to establish their
connection with the orthocomplement on and the involutive structure of Q .℘(H) (H)
Recalling that for a right-sided element of Q , is the largest element such thatλA (H) λA

⊥

λA
∗ &λA

⊥ = 0,

we see that since clearlyλA⊥ ≤ λA
⊥

λA
∗ &λA⊥ = κA⊥ &λA⊥ = 0.

On the other hand, if R(Q (H))  is such thatϕ ∈

κA⊥ &ϕ = 0,

it must be the case that , so thatϕ ≤ λA⊥

λA
⊥ = λA⊥ .

A similar calculation shows that for any left-sided elemen of Q . Put-⊥κA = κA⊥ κA (H)
ting these results together with those above, we see that the involution and the negation
are related in the following way:

λA
∗ = ⊥κA

κA
∗ = λA

⊥.

3. HILBERT QUANTALES

It was seen in the last section that the construction of the quantale Q (X) of relations on a
set X could be quantised to yield a Gelfand quantaleQ of linear relations on a Hilbert(H)
space H, thus permitting a quantised analogue of the weakest prespecification. The prop-
erties that were exploited in this quantisation were the identification of the quantale Q (X)
with the quantale of sup-preserving mappings from to itself, and the structure of℘(X)
the sup-lattices and . In particular, it was the fact that , the sup-lattice℘(X) ℘(H) ℘(H)
of closed linear subspaces of the Hilbert space H, is orthocomplemented that proved to be
of great significance, replacing the complementation present in the sup-lattice  of℘(X)
subsets of the set  X .

We now extract these salient facts and generalise the construction of the quantale of lin-
ear relations to a more abstract setting in which we begin by being provided with an
orthocomplemented sup-lattice S. We recall that a sup-lattice S is said to be orthocomple-
mented if there exists a unary operation  on S satisfying the conditions that:⊥



 

s⊥⊥ = s
( si)⊥ = si

⊥

s ∨ s⊥ = 1
s ∧ s⊥ = 0 ,

for all .s, si ∈ S

DEFINITION. By the quantale Q of endomorphisms of the orthocomplemented sup-(S)
lattice S will be meant the unital quantale of sup-preserving mappings from S to itself,
with the supremum given by the pointwise ordering of mappings, with the multiplication
corresponding to composition of mappings, and with the unit given by the identity map-
ping.

As in the case of Q  , we can define an involution  *  on Q  by setting(H) (S)

(s)ϕ∗ = (
(t)ϕ≤s⊥

t)⊥,

for Q (S) and ; that is,  is the element of S of which the orthogonalϕ ∈ s, t ∈ S (s)ϕ∗

complement is the largest element satisfying

((s)ϕ∗)⊥ϕ ≤ s⊥.

Using the fundamental property

t ≤ ((s)ϕ∗)⊥ ⇔ (t)ϕ ≤ s⊥,

which is true for all Q (S) and , one can verify that Q is an involutiveϕ ∈ s, t ∈ S (S)
quantale with  *  as its involution, which is the first step towards establishing:

THEOREM 3. For any orthocomplemented sup-lattice S, the quantale Q of sup-(S)
preserving mappings from S to itself is a Gelfand quantale.

The right- and left-sided elements of Q can be described in a manner totally analo-(S)
gous to those of Q . We define for , the sup-preserving mappings  and ,(H) s ∈ S λs κs

given by:

(t)λs = 



1 unless
0 t ≤ s

and

(t)κs = 



s unless
0 t = 0 .

All right-sided elements of Q are of the form  for some , whilst mappings of(S) λs s ∈ S
the form  characterise the left-sided elements.κs

The same properties relating , the involution, and the negation operation available onλ, κ
R(Q (S))  and   L(Q (S)) , as defined in Section 1, also pertain:

 
λs

∗ = κs⊥

λs
⊥ = λs⊥

⊥κs = κs⊥ .

These in turn imply that:

κs
∗ = λs⊥

κs
∗ = ⊥κs

κs
∗ = λs

⊥.

The final step in the proof of the theorem, namely that

λs&λs
∗&λs = λs,

follows readily from these relations.

Since these quantales of the form Q  have arisen in considering generalisations of the(S)
quantale  Q  of linear relations on a Hilbert space H, we make the following defini-(H)
tion: 

DEFINITION. A Gelfand quantale Q will be said to be a Hilbert quantale if it is isomorphic
to a Gelfand quantale of the form Q for some orthocomplemented sup-lattice S.(S)

Our aim is now to characterise such quantales.

We recall from the Proposition and Corollary of Section 1 that whenever Q is a Gelfand
quantale, then the quantale of right-sided elements of Q is an idempotent right-R(Q)
sided quantale for which the negation operation , given by⊥

a⊥ =
a∗&b=0

b,

satisfies

 
a ≤ a⊥⊥,

( ai)⊥ = ai
⊥,

and

a ∧ a⊥ = 0,

for each , but which is not necessarily an orthocomplement. On the othera, ai ∈ R(Q)
hand, if Q is of the form Q for some orthocomplemented sup-lattice S, then the nega-(S)
tion   on  R(Q (S))  is necessarily an orthocomplement in view of:⊥



PROPOSITION. For any orthocomplemented sup-lattice S, the mapping

 R (Q (S))χ : S →

defined by

(s)χ = λs⊥

is an isomorphism of orthocomplemented sup-lattices.

PROOF. The mapping  is clearly onto. It is one-one since if  and , thenχ s ≤ t s ≠ t

(s⊥)λs⊥ = 0, (s⊥)λ t⊥ = 1

and if , thens ≤/ t

(t⊥)λs⊥ = 1, (t⊥)λ t⊥ = 0.

The mapping  preserves order sinceχ

s ≤ t ⇒ t⊥ ≤ s⊥ ⇒ λs⊥ ≤ λ t⊥ ⇒ (s)χ ≤ (t)χ.

Finally, we note that

(s⊥)χ = λs⊥⊥ = (λs⊥ )⊥ = (s)χ⊥.

COROLLARY. For any orthocomplemented sup-lattice S, there is an isomorphism

 Q (S)  Q (R(Q (S)))σ : →

of Gelfand quantales given by

(ϕ)σ = χ−1ϕχ

for each Q (S) .ϕ ∈

In the general case of an arbitrary Gelfand quantale  Q , however, there already exists a
mapping

 Q (R(Q))µ : Q →

given by , where(a)µ = πa

(b)πa = a∗&b,

which clearly preserves sups, & , and the unit. If we further assume that  R(Q)  is or-
thocomplemented, then for  to be a homomorphism of Gelfand quantales it is necessaryµ
and sufficient to verify that

(a∗)µ = ((a)µ)∗

for all . If , we havea ∈ Q b ∈ Q

(b)(a∗)µ = (b)πa∗ = a∗∗&b = a&b

and

(b)((a)µ)∗ = (b)πa
∗ = ( (c)πa≤b⊥ c)⊥ = ( a∗&c≤b⊥ c)⊥

= ( b∗&a∗&c=0 c)⊥ = ( (a&b)∗&c=0 c)⊥ = (a&b)⊥⊥

What is proved is: 

PROPOSITION. For any Gelfand quantale Q,

 Q (R(Q))µ : Q →

is a homomorphism of Gelfand quantales if, and only if, is orthocomplemented.R(Q)

Thus, when Q is a Hilbert quantale, that is, a quantale isomorphic to one of the form 
Q  for some orthocomplemented sup-lattice S, the situation at which we have arrived(S)
is that there exist two mappings:

 Q (R(Q)) ,σ, µ : Q →

one of which has been shown to be an isomorphism. We claim that  and  are the sameσ µ
in this case. 

To wit, identifying  Q  with the quantale Q (S)  to which it is isomorphic, let Q (S) (ϕ ∈
= Q ) and consider an arbitrary element of . We haveλs R(Q)

 
(λs)(ϕ)σ = (λs)χ−1ϕχ = (s⊥)ϕχ

= λ((s⊥)ϕ)⊥

(λs)(ϕ)µ = (λs)πϕ = ϕ∗&λs .

For ,t ∈ S

 (t)λ((s⊥)ϕ)⊥ =





1 unless
0 t ≤ ((s⊥)ϕ)⊥

and

(t)ϕ∗&λs =





1 unless
0 (t)ϕ∗ ≤ s .

But  by the fundamental property of the involution on Q .(t)ϕ∗ ≤ s ⇔ t ≤ ((s⊥)ϕ)⊥ (S)

Recalling that the canonical morphism Q (R(Q))   is a homomorphism of Gel-µ : Q →
fand quantales if, and only if, is orthocomplemented, we have achieved the follow-R(Q)
ing characterisation of Hilbert quantales:



THEOREM 4. A Gelfand quantale Q is a Hilbert quantale if, and only if, the canonical
mapping

 Q (R(Q))µ : Q →

is an isomorphism of Gelfand quantales.
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