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INTRODUCTION

The concept of a quantale was introduced  [7]  in order to allow the extension  [8]  of the
Gelfand-Naimark representation to non-commutative C*-algebras. The context within which
this extension could be obtained was that of a description of the spectrum  Max A  of a C*-
algebra  A , considered as an abstraction of the notion of a non-commutative space. The aim
of this paper is to examine the question of defining the concept of a point of a quantale, more
specifically of the Gelfand quantales obtained by taking the spectrum of a C*-algebra. In the
case of the spectrum  Max A  of a C*-algebra  A , the intuitive feeling is that the points should
be the irreducible representations, or perhaps the equivalence classes of irreducible represen-
tations, of the C*-algebra  A . Indeed, the relevance of the concept of quantale to finding a
spectrum for a non-commutative C*-algebra  A is exactly that we need to find a non-
commutative generalisation of the notion of topological space in order to bring together the
irreducible representations of  A  into an, albeit non-commutative, topological space [7].

To this intuitive idea of the points of the spectrum  Max A , we may bring another observa-
tion. In the case of a commutative C*-algebra  A , the spectrum  Max A , considered as a lo-
cale, the analogue of a quantale within the commutative context, may be constructed [2] by
taking the propositional geometric theory of closed prime ideals of the C*-algebra  A . The
spectrum is then the Lindenbaum algebra of this theory: that is, the lattice of propositions of
the theory, ordered by provable entailment in the theory within constructive logic. This
method for the construction of locales, generalising constructively classically defined topo-
logical spaces, has proved valuable in a number of situations [1,10,12]. The points of the lo-
cale then correspond exactly to the classical models of the theory, hence in that case to the
maximal ideals of the commutative C*-algebra.

The identification of the points of the spectrum  Max A  of a not necessarily commutative
C*-algebra  A  might therefore be effected by examining the extent to which its spectrum may
be constructed by considering within quantal logic, by which we shall mean an appropriate
non-commutative analogue of constructive logic, an adaptation of the theory considered in
the commutative case. The points of the spectrum should then correspond to the models

within quantal logic of the theory considered. The problem of defining a concept of a point of
a quantale thereby becomes that of defining what is meant by a classical model of a proposi-
tional theory within quantal logic. In turn, this involves investigating which quantales should
be considered within this logic to take the place of the locale   of subsets of the singleton setΩ
 1  within constructive logic. Intuitively, these may be expected to be quantales which reflect
localically to the locale   , yet which also have some intrinsically quantalic aspects.Ω

This approach to considering what should be meant by the concept of a point of a quantale
appears to be productive. The fact that irreducible representations of a C*-algebra  A  may be
expected to yield the points of the spectrum  Max A , and hence the classical models of any
propositional geometric theory within quantal logic which generates the spectrum, leads one
to identify the quantales which provide this generalisation of the locale    in the context ofΩ
quantales, and the maps of quantales which generalise the points of a locale. In particular, this
provides evidence for what may be an appropriate concept of a quantal space, and indicates
that the spectrum of a C*-algebra may indeed be expected to be spatial in this particular
sense.

1. THE SPECTRUM OF A C*-ALGEBRA

In this section we recall the description of the spectrum  Max A  of a C*-algebra  A , to-
gether with the properties of the spectrum which will be needed in what follows. The C*-
algebra  A  considered will be assumed throughout to be unital. We recall first the definition
of the concept of quantale [7], on which the definition of the spectrum of a C*-algebra is
based:

DEFINITION. By a quantale  Q  is meant a lattice having arbitrary joins  together with an as-
sociative product & satisfying

a & bi = a & bi

and

ai & b = ai & b

for all . The quantale Q is said to be unital provided that there exists an ele-a, b, ai, bi ∈ Q
ment  for whiche ∈ Q

e & a = a = a & e

for all . a ∈ Q

The intention here is to abstract the lattice of open subsets of a not necessarily commutative
topological space, of which the spectrum of a C*-algebra  A  is the motivating example. The
operation  &  should be considered to represent that of not necessarily commutative intersec-
tion of open subsets. It is evident that in the case that the operation  &  is the meet of the lat-
tice, then these axioms describe exactly the concept of a locale. The principle being exploited
in extending the concept of spectrum [8] is that considering non-commutative C*-algebras
requires the introduction of the concept of a non-commutative topological space.
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DEFINITION. By the spectrum  Max A  of a C*-algebra  A  is meant the quantale of closed linear
subspaces of  A , together with the product  &  which is defined by setting

M&N = M ⋅ N

to be the closure of the product of linear subspaces for each  . The join of theM, N ∈ Max A
lattice is, of course, given by taking

i Mi = Σ i Mi

to be the closure of the sum of linear subspaces for each family . The spectrum isMi ∈ Max A
a unital quantale, with unit given by the closed linear subspace generated by the unit of the
C*-algebra  A .

It may be remarked that the construction of the spectrum is dually functorial with respect to
a definition of the category of quantales which provides a non-commutative counterpart of
that of the category of locales. Explicitly, we recall the following:

DEFINITION. By a map  of quantales is meant a mappingϕ : Q → Q

,ϕ∗ : Q → Q

referred to as the inverse image homomorphism from the quantale   to the quantale  Q ,Q
which preserves the operations of product  &  and of arbitrary join  of the quantales. The
map is said to be unital provided that the quantales   are unital and thatQ and Q

e ≤ ϕ∗(e )

for   respectively the units of  .e ∈ Q , e ∈ Q Q and Q

The category of quantales is then that of quantales and of maps of quantales, with composi-
tion of maps given by composition of inverse image homomorphisms and with identity maps
given by identity inverse image homomorphisms. With respect to these definitions, one has
the following:

THEOREM 1.1. The spectrum  Max A  of a C*-algebra  A  determines a functor

Max : (C*-Algebras)op → Quantales

from the dual of the category of C*-algebras to the category of quantales.

Proof.  The map of quantales   from the spectrum of the C*-Max ϕ : Max A → Max A
algebra   to the spectrum of the C*-algebra  A  determined by a map of C*-algebras   A

  is that of which the inverse image homomorphism assigns to each closed linearϕ : A → A
subspace   of the C*-algebra  A  the closure  of its image in theM ∈ Max A ϕ(M) ∈ Max A
C*-algebra  .   �A

In the case that the map  of C*-algebras is unital, then the map  ϕ : A → A
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  of quantales is unital. The functor therefore restricts canonicallyMax ϕ : Max A → Max A
to a functor from the dual of the category of unital C*-algebras to the category of unital quan-
tales. It may, in fact, be remarked that the map  of quantales is inMax ϕ : Max A → Max A
this case such that the inverse image of the unit of the quantale  is mapped to, ratherMax A
than just above, the unit of the quantale  . The reason that this stricter condition is notMax A
required of a map of unital quantales in general will become apparent later.

2. GELFAND QUANTALES

The spectrum  Max A  inherits from the C*-algebra  A  additional structure and properties
which make it more amenable than an arbitrary quantale [9]. To begin with, the spectrum  
Max A  is an involutive quantale, in the following sense:

DEFINITION. By an involutive quantale  Q  is meant a quantale together with an involution *  
satisfying the conditions that:

a∗∗ = a ,
(a & b)∗ = b∗& a∗ ,

and ( i ai)∗ = i ai
∗ ,

for all .a, b, ai ∈ Q

The involution on the spectrum  Max A  of a C*-algebra  A  is that which assigns to any
closed linear subspace  M  the adjoint closed linear subspace

 .M∗ = { a∗ ∈ A a ∈ M }

It may be remarked at this point that in any unital involutive quantale  Q , the unit    ise ∈ Q
self-adjoint, that is to say, satisfies the condition that:

 .e = e∗

It may also be noted that any locale may trivially be made into an involutive quantale by giv-
ing it the involution which maps each element to itself. For an arbitrary quantale, the identity
mapping does not determine an involution in the above sense, since an involution has to re-
verse the order of any product in the quantale.

Equally, the map of quantales from the spectrum   of the C*-algebra    to theMax A A
spectrum  Max A  of the C*-algebra  A  determined by a map of C*-algebras from  A  to   isA
clearly a map of involutive quantales, in the following sense:

DEFINITION. By an involutive map   of quantales is meant a map of quantales fromϕ : Q → Q
an involutive quantale  Q  to an involutive quantale   of which the inverse image homo-Q
morphism satisfies the condition that:

ϕ∗(a∗) = ϕ∗(a)∗

for each  .a ∈ Q
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Again, it may be noted that any map of locales is necessarily a map of involutive quantales
with respect to the canonical involution given by the identity mapping.

The existence of approximate identities in any C*-algebra  A  allows it to be shown that the
involutive quantale  Max A  satisfies an important condition which generalises that character-
ising locales amongst quantales. To describe this property, we recall firstly that an element  

  of a quantale  Q  is said to be right-sided provided thata ∈ Q

 ,a &1Q ≤ a

in which    denotes the top element of the complete lattice  Q . It may be remarked1Q ∈ Q
that this inequality is actually an equality in the case that the quantale  Q  is unital. One simi-
larly defines the element    to be left-sided provided that:a ∈ Q

 ,1Q & a ≤ a

and two-sided provided that it is both left- and right-sided.

DEFINITION. By a Gelfand quantale  Q  is meant a quantale which is unital, involutive, and for
which 

a = a & a∗& a

for each right-sided (equivalently, left-sided) element   .a ∈ Q

It may be remarked that the equivalence of the definitions in terms of left- and of right-sided
elements is due to the fact that the involution  *  of a Gelfand quantale interchanges right- and
left-sided elements, whilst leaving invariant the condition defining the concept of a Gelfand
quantale. Indeed, since the property of right- or left-sidedness is also equationally definable, it
follows that the concept of a Gelfand quantale is of a particularly straightforward kind.

That  the spectrum  Max A  of a C*-algebra  A  is a Gelfand quantale follows by an argu-
ment which is essentially that of the construction of approximate identities in an arbitrary C*-
algebra [9]. Defining the category of Gelfand quantales to be the full subcategory of the cate-
gory of unital involutive quantales determined by the Gelfand quantales, one therefore has the
following:

THEOREM 2.1. The spectrum  Max A  of a C*-algebra  A  determines a functor

Max : (C*-Algebras)op → Gelfand Quantales

from the dual of the category of C*-algebras to the category of Gelfand quantales.   �

It may be remarked that any locale  L  is canonically a Gelfand quantale with respect to the
trivial involution. Conversely, a Gelfand quantale  Q  is a locale exactly if the element  

  is its unit [9]. 1Q ∈ Q

The relationship between Gelfand quantales and locales is even more intimate than these
observations indicate. Denoting by  L(Q) , R(Q) and I(Q) the subsets of  Q  consisting
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respectively of left-, right-, and two-sided elements of  Q , a Gelfand quantale  Q  may be
considered to be arranged in the form

in which the arrows are the inverse image homomorphisms of maps of quantales that are quo-
tient maps in the category of quantales. It may be remarked that these maps are neither unital,
nor involutive. Indeed, the involution  *  provides an anti-isomorphism, with respect to the
product, between  R(Q)  and  L(Q) . The element    is a right-unit for the quantale  1Q ∈ Q
R(Q)  and a left-unit for the quantale  L(Q) . Moreover, the quantales  R(Q) and  L(Q)  are
idempotent, in the sense that 

   a & a = a

for any element   and any element  . The element    is a unit for thea ∈R(Q) a ∈L(Q) 1Q ∈ Q
quantale  I(Q) , and hence, since  I(Q)  is also idempotent by the above remarks, it follows
that  I(Q)  is necessarily a locale, on which, by the Gelfand condition on  Q , the involution of
Q  acts trivially. For, given   , one has that  , sincea ∈I(Q) a = a & a∗& a ≤ 1Q& a∗&1Q ≤ a∗

necessarily   . Hence,    on interchanging   , yielding thata∗ ∈I(Q) a ≤ a∗ ≤ a a, a∗ ∈I(Q)
every element of  I(Q)  is necessarily self-adjoint.

Since for the spectrum  Max A  of a C*-algebra  A , the quantales  R(Max A)  and  
L(Max A) are respectively those of closed right and closed left ideals of  A , the locale  
I(Max A)  is therefore that of closed ideals of the C*-algebra  A . In the case of a commutative
C*-algebra  A , this locale  I(Max A)  is therefore exactly the classical spectrum of the com-
mutative C*-algebra  A , that is to say, the locale of the space of maximal ideals of  A . Ob-
serving that this assignment is functorial on the dual of the category of commutative
C*-algebras yields the following:

COROLLARY 2.2. The functor

I(Max) : (Commutative C*-Algebras)op → Locales

which assigns to each commutative C*-algebra  A  the locale  I(Max A)  is exactly the classi-
cal spectrum functor on the dual of the category of commutative C*-algebras.   �

It will later have logical significance that this construction may also be obtained by observ-
ing that any Gelfand quantale  Q  admits a coreflection into the category of locales, which in
the case of a Gelfand quantale which is commutative is given by taking the locale  I(Q)  of
two-sided elements of  Q , of which the coadjunction is the embedding

ιQ :I(Q) → Q

of Gelfand quantales, of which the inverse image homomorphism assigns to each element  
  of the quantale its two-sided closure   . In particular, the classicalq ∈ Q 1Q& q &1Q ∈I(Q)

Q

R(Q)L(Q)

I(Q)

,
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spectrum of a commutative C*-algebra  A  is therefore exactly the coreflection into the cate-
gory of locales of its spectrum  Max A  in the present sense.

3. THE THEORY  Max A

In the case of a commutative C*-algebra  A , the classical spectrum  Max A , considered as
a locale, may be obtained constructively by introducing [2,6] a propositional geometric theory
 Max A . The spectrum  Max A  in the classical sense is then constructed by taking the Lin-
denbaum algebra of this theory within constructive logic, in a sense to be made more precise
below. To avoid confusion with the concept of spectrum for an arbitrary C*-algebra  A , as
considered in the preceding section, the classical spectrum of a commutative C*-algebra  A
will be denoted by

MaxLoc A ,

to indicate that the spectrum of the C*-algebra is being constructed as a locale. Of course, the
spectrum in this classical sense is actually the topological space obtained by observing that
the locale  MaxLoc A  is indeed spatial. In particular, the points are then the models of the
propositional geometric theory  Max A .

The theory which canonically generates the locale  MaxLoc A  in this case is that which in-
troduces a proposition

a ∈ P

for each element    of the commutative C*-algebra  A , together with axioms given by:a ∈ A

true 1A ∈ P

false0A ∈ P

a + b ∈ P a ∈ P ∨ b ∈ P

ab ∈ P a ∈ P ∧ b ∈ P

and whenever   ,a ∈ P i ai ∈ P a ∈ Σ i ai

for each   and  . The notation    is used here to denote the closed lineara, b ∈ A ai ∈ A Σ i ai

subspace of  A  generated by the elements   .ai ∈ A

This description may be applied to construct the locale  MaxLoc A  in either of two ways: on
the one hand, the theory considered is that of (the complement  P  of) a closed prime ideal of
the commutative C*-algebra  A , the closed prime ideals being exactly the maximal ideals of
A . The locale  MaxLoc A  is then that of propositions in this theory, ordered by provable en-
tailment in the theory, modulo provable equivalence in the theory.  The points of the locale,
which are logically the classical models of the theory, in the sense of validations of its axioms
in the Boolean algebra  2 , are therefore the maximal ideals of the commutative C*-algebra  
A . In particular, the locale is that of the classical spectrum of the C*-algebra.

On the other hand, the locale    may equally be considered lattice-theoretically toMaxLoc A
be that generated by the  symbols    introduced for each  , subject to the relationsa ∈ P a ∈ A
expressed by the axioms of the theory, with entailment    being interpreted by the order
relation   . In this case there is an algebraic description of the locale MaxLoc A  deriving from≤
these generators and relations provided by the theory. Once again, the points of the locale
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correspond to interpretations of its generators and validations of its relations in the Boolean
algebra  2 , hence to completely prime filters in the locale. The advantage of this algebraic
description is its constructional simplicity, while that of the logical approach is motivational,
in that one just writes down constructively the theory that classically describes the points of
the spectrum.

In considering a generalisation of this construction to the case of an arbitrary C*-algebra  
A , one finds oneself disadvantaged in a number of ways. Whilst the logical framework that
will produce an involutive quantale as the Lindenbaum algebra of a propositional theory is
fairly straightforward to describe, the nature of the theory to be considered is less evident. In
part, this is because the concept of a classical model of such a theory, in the sense of a quan-
tised version of a validation in the Boolean algebra  2 , is at this stage undefined. Further, al-
though it might be anticipated that, whatever the concept of such a model should be, it would
be likely to relate in this case to the irreducible representations of the C*-algebra  A , the ex-
act way in which this correspondence should emerge is not at the outset apparent. Indeed, ex-
amining the spectrum of a C*-algebra from this point of view might be expected to throw
some light on these more general questions.

The approach which may be taken is to place emphasis on what might be expected to be
another aspect of the construction. In the case of a commutative C*-algebra  A , it might be
hoped that the spectrum  Max A  should have the property that its reflection into the category
of locales should coincide with the classical spectrum,  MaxLoc A , of the commutative C*-
algebra  A . In the next section, it will be shown directly that this is indeed the case for the
spectrum  Max A  introduced in the preceding section. However, this may also be viewed
from a logical standpoint, in which the theory Max A  to be introduced should simply be such
that, when interpreted within the commutative context of ordinary constructive logic, rather
than that of the non-commutative yet involutive world which leads to quantales of the kind of
 Max A , it should yield the classical spectrum  MaxLoc A  of the commutative C*-algebra  A . 

Taking this approach in the most straightforward manner possible, by simply rewriting the
theory described above, only now within a non-commutative logical context, leads to consid-
eration of the following theory:

DEFINITION.  By the theory of the spectrum of a C*-algebra  A  will be meant the theory  
Max A  obtained by introducing for each element    of the C*-algebra  A  a propositiona ∈ A

  ,a ∈ P

together with the following axioms:

(P1) true 1A ∈ P

(P2) false0A ∈ P

(P3) a∗ ∈ P a ∈ P∗

(P4) a + b ∈ P a ∈ P ∨ b ∈ P

(P5) ab ∈ P a ∈ P & b ∈ P

(P6) whenever   .a ∈ P i ai ∈ P a ∈ Σ i ai

It will be observed that the only difference from the theory considered in the commutative
case is the appearance of the non-commutative conjunction  &  in the axiom  (P5) , and the
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presence of the axiom  (P3)  relating the involution of the C*-algebra to that of the proposi-
tional language. For the moment, the presence of this involution within the propositional lan-
guage will be motivated only by stating that intuitively, to the extent that the conjunction  &
is intended to be interpreted as meaning and then, the involution is intended to represent re-
versal of the implied arrow of time.

More formally, the deductive system within which the theory is to be considered is there-
fore that of which the semantics are given by unital involutive quantales, hence the Linden-
baum algebra of the theory  Max A , consisting of propositions of the theory, ordered by
provable entailment in the theory, modulo provable equivalence in the theory, is a unital
involutive quantale. Concerning this quantale, which will be referred to simply as the quan-
tale of the theory  Max A , and which may equally be obtained lattice-theoretically by consid-
ering the propositions of the theory as generators, and the axioms of the theory as relations,
one has the following:

THEOREM 3.1.  The quantale of the theory  Max A  of the spectrum of a C*-algebra  A  is
canonically isomorphic to the spectrum  

Max A  

of the C*-algebra  A , by the homomorphism of unital involutive quantales determined by the
assignment to each primitive proposition

a ∈ P

of the theory of the closed linear subspace generated by the element    of the C*-a ∈ A
algebra  A .

Proof.  Consider then the assignment to each primitive proposition    of the, necessarilya ∈ P
closed, linear subspace    of the C*-algebra  A . Observe that each of the axioms〈a〉 ∈ Max A
is validated in the quantale  Max A , since    maps to   , which is indeed the inter-0A ∈ P 〈0A〉
pretation of false , while    maps to   , which is the interpretation of true . Further,1A ∈ P 〈1A〉

  maps to the closed linear subspace    generated by the involute of   , whicha∗ ∈ P 〈a∗〉 a ∈ A
is contained in, and in fact equal to, the involute of the closed linear subspace   generated〈a〉
by   . Similarly, the element    belongs to the subspace generated by the ele-a ∈ A a + b ∈ A
ments  , hence   , and    is exactly   , by the definitiona, b ∈ A 〈a + b〉 ≤ 〈a〉 ∨ 〈b〉 〈ab〉 〈a〉&〈b〉
of the product of the quantale  Max A . Finally, if   , then   .a ∈ Σ i ai 〈a〉 ≤ Σ i ai = i 〈ai〉
The assignment therefore determines a homomorphism of unital involutive quantales from
the quantale of the theory  Max A  to the quantale  Max A .

Now we assert that this is an isomorphism of quantales. To achieve this, it suffices to show
that the assignment described above is universal, in the sense that any mapping    ϕ : A → Q
from the set of primitive propositions (which will be tacitly identified with the set  A  of ele-
ments of the C*-algebra  A ) to a unital involutive quantale  Q  which validates the axioms of
the theory factors uniquely through a homomorphism    of unital involutiveΦ : Max A → Q
quantales. To see this, suppose that such a mapping   is given, and define a map-ϕ : A → Q
ping    by settingΦ : Max A → Q

Φ(M) = a∈M ϕ(a)

for each   , and assert thatM ∈ Max A
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Φ(M&N) = Φ(M)&Φ(N)

Φ( i Mi) = i Φ(Mi)

and eQ ≤ Φ(eMax A)

for any   .M, N ∈ Max A and any family Mi ∈ Max A

Firstly, consider the product  M&N  of closed linear subspaces   . By defini-M, N ∈ Max A
tion of the mapping   , one has thatΦ

 .Φ(M&N) = c∈M&N ϕ(c)

For any   , one has, by definition of the product    in the quantale Max A , thatc ∈ M&N M&N
  , hence thatc ∈ Σa∈M,b∈N 〈ab〉

c ∈ P a∈M,b∈N ab ∈ P

by the axiom  (P6)  of the theory  Max A . Hence, 

 ,ϕ(c) ≤ a∈M,b∈N ϕ(ab)

since the mapping    validates the axioms of  Max A .ϕ

Again, by the axiom  (P5)  of  Max A , one has that

  ab ∈ P a ∈ P & b ∈ P

for each   , and hence thata ∈ M , b ∈ N

ϕ(ab) = ϕ(a) & ϕ(b)

in the quantale  Q . Thus,

Φ(M&N) = c∈M&N ϕ(c)

≤ a∈M,b∈N ϕ(ab)

= a∈M,b∈N ϕ(a)&ϕ(b)

= a∈M ϕ(a) & b∈N ϕ(b)

 .= Φ(M)&Φ(N)

The converse is obtained by observing trivially that, in fact,

 ,c∈M&N ϕ(c) = a∈M,b∈N ϕ(ab)

by the observation that   . Hence,a ∈ M and b ∈ N implies that ab ∈ M&N

Φ(M&N) = Φ(M) & Φ(N)

for each   .M, N ∈ Max A

The condition that
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Φ( i Mi) = i Φ(Mi)

is proved by observing that

 ,Φ( i Mi) = c∈ i Mi
ϕ(c) ≤ i ai∈Mi

ϕ(ai) = i Φ(Mi)

by an application of  (P6)  to the fact that     implies   , whilst thec ∈ i Mi c ∈ Σ i Σai∈Mi
〈ai〉

converse follows trivially since    for any  j  implies that   . In particular,aj ∈ Mj aj ∈ i Mi

this shows that

 .Φ(0Max A) = 0Q

Finally, we have that

eQ ≤ Φ(eMax A)

since    is the closed linear subspace   , henceeMax A 〈1A〉 ∈ Max A

 ,Φ(eMax A) = a∈〈1A〉 ϕ(a) ≥ ϕ(1A) ≥ eQ

since the mapping    validates the axiom  (P1)  of the theory  Max A .  �ϕ

It may be remarked that the proof would also apply to showing that the spectrum  Max A  is
obtained by omitting from the theory of the spectrum the involutive axiom  (P3)  and carrying
out the interpretation in the category of unital quantales, rather than of unital involutive quan-
tales. The quantale of the theory may in that case be shown to have a canonical involution,
induced by defining the involute of the primitive proposition

a ∈ P

to be the proposition

a∗ ∈ P

determined by the involute of   , and with respect to this involution the canonical iso-a ∈ A
morphism with the spectrum   Max A  is indeed an isomorphism of unital involutive
quantales.

The translation of logical constructs involving the theory  Max A  to algebraic realisations
in terms of the quantale  Max A  is completed by the following observations:

DEFINITION.  By a model of the theory  Max A  in a unital involutive quantale  Q  will be
meant an assignment to each primitive proposition

a ∈ P

of the theory of an element    of the quantale  Q , in such a way that the axioms of[[ a ∈ P ]]

the theory are validated in the quantale  Q .

The validation required in the above definition is that derived by interpreting entailment by
the order relation of the quantale, and the logical connectives of the theory by the correspond-
ing operations of the quantale. In particular, the logical constants  true  and  false  are to be
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interpreted respectively by the unit    and the zero    of the quantale Q. As aeQ ∈ Q 0Q ∈ Q
consequence, whilst an axiom requiring that a proposition entails false is validated exactly if
the proposition is interpreted by the zero element   , an assertion that a proposition is0Q ∈ Q
entailed by true is validated whenever the proposition is assigned a truth value lying above
the unit element   . eQ ∈ Q

The description of the quantale of the theory in terms of generators and relations yields im-
mediately the following:

COROLLARY 3.2.  The models of the theory  Max A  of the spectrum of the C*-algebra  A  in
any unital involutive quantale  Q  correspond exactly to the homomorphisms

Max A → Q

of unital involutive quantales from the spectrum  Max A  of the C*-algebra  A  to the
quantale  Q .   �

It may be remarked that it is to obtain this equivalence that the definition of a map

ϕ : Q → Q

of unital involutive quantales has been taken to require only that

 ,eQ ≤ ϕ∗(eQ )

rather than equality, corresponding logically to this consideration that a proposition is vali-
dated in an interpretation provided that it is assigned a value lying above the unit element of
the quantale concerned.

It may be observed that this identification of the homomorphisms

Max A → Q

of unital involutive quantales with the models of the theory  Max A  in a quantale  Q  already
indicates that any consideration of the quantale

  2 

to provide a concept of classical model of the theory, hence a concept of point for the spec-
trum  Max A , is likely to prove inadequate. Indeed, it may be verified immediately that any
primitive ideal  p  of the C*-algebra  A  yields a homomorphism

2 Max A →

of unital involutive quantales by interpreting the proposition

a ∈ P

of the theory by false in the event that  p  and by true otherwise. The significance of thisa ∈
observation in the context of the spectrum  Max A  will become apparent at a later stage, once
the more appropriate concept of a classical model of the theory has been identified. However,
it may be noted in passing that the topological space of primitive ideals of a C*-algebra  A  
has long been known to provide a notion of spectrum that is neither interesting topologically,
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nor adequate functionally, in terms of the kind of representations that it can sustain [3].

It is to examining the question of finding a more adequate concept of the points of the spec-
trum, which is likely to be more closely related to that of the irreducible representations of the
C*-algebra, that we now turn. In doing so, it may be noted that already, in the analysis of the
spectrum considered above, it has proved convenient to work with the category of quantales
and inverse image homomorphisms, rather than with its dual, the category of quantales and
maps of quantales. This is a convention that will be adopted throughout the rest of the paper,
until its final conclusions revert to matters properly considered within the category of quanta-
les and maps of quantales. On occasion, we shall refer to the inverse image homomorphism 

ϕ∗ : Q → Q

of a map    of quantales simply by the symbol    when from the context it is evi-ϕ : Q → Q ϕ
dent that it is the homomorphism, rather than the map, that is being considered. We shall also
refer to the inverse image homomorphism of a map of quantales as a homomorphism of
quantales.

4.  REPRESENTATIONS OF  C*-ALGEBRAS

For a commutative C*-algebra  A , the spectrum  is obtained classically by taking the set of
multiplicative linear functionals

 Cϕ : A →

together with the weak* topology induced by evaluation of linear functionals. The kernel of a
multiplicative linear functional   is a maximal ideal  mϕ  of the C*-algebra  A . Moreover,ϕ
any maximal ideal  m   of  A  is the kernel of a unique multiplicative linear functional

ϕm : A → C ,

by the Gelfand-Mazur theorem. The points of the spectrum of  A  may thus be identified with
the set of maximal ideals of the C*-algebra  A . Moreover, the weak* topology on the spec-
trum may be seen to correspond to the hull-kernel, or Zariski, topology on the set of maximal
ideals of  A .

To see the way in which these ideas develop in passing from a commutative C*-algebra to
a C*-algebra in general, we recall the following concepts:

DEFINITION.  By a representation of a C*-algebra  A  on a Hilbert space  H  is meant a
homomorphism

B (H)ϕ : A →

from the C*-algebra  A  to the C*-algebra  B (H)  of bounded linear operators on  H .

It may be remarked that, in the particular case when the Hilbert space  H  is the space  C  of
complex numbers, then a representation of the C*-algebra  A  on  H  is exactly a multiplica-
tive linear functional on  A . In the case of a commutative C*-algebra  A , it may be shown
that any representation may be expressed as a product, in an appropriate sense, of
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representations on the Hilbert space  C  of complex numbers. Indeed, this property provides a
characterisation of commutative C*-algebras amongst C*-algebras in general [4]. 

The introduction of the concept of a representation involves an important change of empha-
sis in considering non-commutative C*-algebras. We are concerned not only with mapping
the C*-algebra  A  into a C*-algebra  B (H)  of bounded linear operators on a Hilbert space  
H , but also with allowing the C*-algebra  A  to act geometrically on the elements of  H . Ex-
plicitly, any representation

B (H)ϕ : A →

of the C*-algebra  A  on a Hilbert space  H  allows each element   to act on the Hilberta ∈ A
space  H  by the bounded linear operator

 ,ϕa : H → H

assigning to each    the element   .x ∈ H x ϕa ∈ H

In particular, to each closed linear subspace  M  of the Hilbert space  H  there may be as-
signed by this action of an element    the closed linear subspacea ∈ A

M ϕa = {x ϕa ∈ H x ∈ M }

of  H  obtained by taking the closure of the direct image of  M  under the linear operator  
 . It may be verified straightforwardly that in this way one obtains for each  ϕa : H → H a ∈ A

 a sup-preserving mapping, which by extension will also be denoted

P (H)  P (H) ,ϕa : →

from the sup-lattice  P (H)  of closed linear subspaces of  H  to itself.

As will have been apparent, it will be our convention to write the action of these mappings
to the right of their argument. With this in mind, we make [11] the following:

DEFINITION.  By the quantale  Q (H)  of the Hilbert space  H  will be meant the quantale of
sup-preserving mappings

P (H) P (H)α : →

from the sup-lattice  P (H)  of closed linear subspaces of  H  to itself.

The operations with respect to which  Q (H)  is a quantale are with respect to the pointwise
ordering on sup-preserving mappings on  P (H) , together with the product given by compo-
sition. Explicitly, the supremum on  Q (H)  is given by:

 .M ( i α i) = i M α i

The quantale  Q (H)  is also unital, with unit given by the identity mapping on  P (H) , and
involutive, with respect to the involution given by:

 ,M α∗ = 
 Nα≤M⊥ N


⊥
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in which    denotes the orthogonal complement of a closed linear subspace of  H . It is⊥

known further [11] that with respect to these operations the quantale

Q (H)

of a Hilbert space  H  is a Gelfand quantale.

THEOREM 4.1.  Any representation of a C*-algebra  A  on a Hilbert space  H  determines a
homomorphism of Gelfand quantales

Q (H)Max A →

from the spectrum of the C*-algebra  A  to the quantale  Q (H)  of the Hilbert space  H .

Proof.  By the results of the preceding section, it is enough to show that a representation

B (H)ϕ : A →

of the C*-algebra  A  on a Hilbert space  H  determines a model of the theory  Max A  in the
quantale  Q (H)  of the Hilbert space. So, consider the interpretation which assigns to each
primitive proposition    of the theory  Max A  the elementa ∈ P

P (H) P (H)ϕa : →

defined above of the quantale  Q (H) . Then the axioms of the theory  Max A  are validated in
Q (H)  by the following arguments: firstly, the axioms  true   and  false in-1 ∈ P 0 ∈ P
terpret respectively as    in which  Q (H)  are respectivelyιH ≤ ϕ1A

and ϕ0A
≤ oH ιH , oH ∈

the identity mapping and the zero mapping on the sup-lattice P (H) . But, the representation  
B (H)  maps the identity element   and the zero element    respectivelyϕ : A → 1A ∈ A 0A ∈ A

to the identity operator and the zero operator on the Hilbert space  H , which implies that
these axioms are indeed validated.

Now consider the axiom  (P3) , which requires that   for any   . Re-a∗ ∈ P a ∈ P∗ a ∈ A
calling that the right hand side of this represents the involute of the primitive proposition  

 , it must be shown that   , in which the right hand side represents the involutea ∈ P ϕa∗ ≤ ϕa
∗

of the element  Q (H) of the quantale of the Hilbert space  H . To show that this condi-ϕa ∈
tion is satisfied, it is enough to show that for any closed linear subspace  M of the Hilbert
space, we have that   . Now, the action of the involute of  Q (H)  on theM ϕa∗ ≤ Mϕa

∗ ϕa ∈
element  P (H)  is given by the expressionM ∈

 ,M ϕa
∗ = 

 Nϕa≤M⊥ N


⊥

in which    denotes orthogonal complementation in the sup-lattice of closed linear subspaces⊥

of  H . To verify, then, that   is contained in the orthogonal complement of the largestM ϕa∗

linear subspace of which the closure of the image under the linear operator   on  H  is con-ϕa

tained in the orthogonal complement of  M , it suffices to show that for any   , for anyx ∈ M
closed linear subspace  N  of which the image    is contained in the orthogonal comple-N ϕa

ment   of the closed linear subspace  M , and for any   , one has thatM⊥ y ∈ N

〈x ϕa∗ , y〉 = 0
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in the inner product of the Hilbert space  H . But, since the representation B (H) is anϕ : A →
involutive homomorphism, the linear operator    assigned to the involute  ϕa∗ : H → H a∗ ∈ A
 of the element  is exactly the adjoint    of the linear operator  .a ∈ A ϕa

∗ : H → H ϕa : H → H
Hence,

 .〈x ϕa∗ , y〉 = 〈x ϕa
∗, y〉 = 〈x , y ϕa〉

But,    implies that    is orthogonal to any   , since   . They ∈ N y ϕa ∈ N ϕa x ∈ M N ϕa ≤ M⊥

inner product    is therefore zero, as required, validating the axiom  (P3) .〈x , y ϕa〉

The axioms    and   are validated re-a + b ∈ P a ∈ P ∨ b ∈ P ab ∈ P a ∈ P & b ∈ P
spectively because    and    for anyx ϕa+b = x ϕa + x ϕb ∈ M ϕa ∨ M ϕb x ϕab = (x ϕa) ϕb

closed linear subspace  M  and any   , by the additivity and the multiplicativity of thex ∈ M
representation, thereby verifying  (P4)  and  (P5) . And finally, concerning the axiom  (P6) ,

  whenever   lies in the closed linear subspace generated by the ele-a ∈ P i ai ∈ P a ∈ A
ments   is validated provided thatai ∈ A

M ϕa ≤ i M ϕai

for each closed linear subspace  M  of the Hilbert space. However, choosing a sequence  
 of elements each lying in the linear subspace generated by the elements   suchbn ∈ A ai ∈ A

that   in the C*-algebra  A , we have that   in the C*-algebra  B (H) , by thebn → a ϕbn → ϕa

continuity of the representation. Hence, for any    we have that   in the Hil-x ∈ M x ϕbn → x ϕa

bert space  H , from which it follows that    lies in the closure of the linear sub-x ϕa ∈ M ϕa

space of  H  generated by the elements   . But, since each   may be expressedx ϕbn ∈ H bn ∈ A
as a linear combination of the elements   , it follows that  as required.ai ∈ A x ϕbn ∈ i M ϕai

Hence, the interpretation indeed validates the axioms of the theory  Max A , so determines
a homomorphism of unital involutive quantales from the spectrum  Max A  of the C*-algebra
A  to the quantale  Q (H)  of the Hilbert space  H .   �

Concerning representations of a C*-algebra, we recall [4] the following:

DEFINITION.  By an equivalence of representations  B (H) , B ( )  of a C*-ϕ : A → ϕ : A → H
algebra  A  on Hilbert spaces    is meant an isomorphism  H , H

η : H → H

of Hilbert spaces for which the corresponding isomorphism  B (H) →B ( )  makes theση : H
diagram

commute.

A B (H)

B H )( ′

ϕ

ϕ′
ση
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It may be proved straightforwardly that given such equivalent representations of a C*-
algebra  A , the homomorphisms  Q (H)  and  Q (H′)  thereby determinedMax A → Max A →
from the spectrum of the C*-algebra  A  into the quantales of the Hilbert spaces of the repre-
sentations are such that there exists an isomorphism  P (H) P (H′) of orthocomplemented→
sup-lattices induced by the isomomorphism    of Hilbert spaces, for which the cor-η : H → H
responding isomorphism  Q (H) Q (H′)  makes the diagram→

commute. In other words, equivalent representations of C*-algebras yield homomorphisms of
Gelfand quantales that are equivalent in the evident sense.

Now, recall that a closed linear subspace  M  of the Hilbert space  H  is said to be invariant
under the representation provided that

x ∈ M implies x ϕa ∈ M

for all   . One then has the following:a ∈ A

DEFINITION.  A representation

B (H)ϕ : A →

is said to be irreducible provided that it is not zero, and that the only closed linear subspaces
of the Hilbert space  H  that are invariant under the representation are the zero subspace and
the Hilbert space  H  itself.

The concept of an irreducible representation has importance within the theory of represen-
tations of C*-algebras because it may be shown [4] that any representation of a C*-algebra  A
is equivalent to a direct sum of irreducible representations of  A . The existence of irreducible
representations for any C*-algebra  A  yields the Gelfand-Naimark representation of  A  as a
closed involutive subalgebra of the C*-algebra

B (H)

of bounded linear operators on a Hilbert space  H  constructed from the Hilbert spaces on
which the C*-algebra  A  admits irreducible representations.

More particularly, in the context of the present discussion, the irreducible representations of
a commutative C*-algebra  A  are each on the Hilbert space  C  of complex numbers, hence
correspond to the multiplicative linear functionals on the C*-algebra  A . The classical spec-
trum of a commutative C*-algebra  A  is therefore exactly the space of irreducible representa-
tions of  A . The multiplicative linear functionals, moreover, correspond exactly to the
maximal ideals of the commutative C*-algebra  A , of which each is the kernel of a unique
multiplicative linear functional. In the case of a C*-algebra  A  which is not necessarily com-
mutative, this correspondence between irreducible representations of  A  and, in this case,
maximal right ideals of  A  persists, although the relationship, which we shall now recall, is

(H)

H )( ′Q

QAMax
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rather more subtle than in the case of a commutative C*-algebra.

Given an irreducible representation

B (H)ϕ : A →

of the C*-algebra  A  on a Hilbert space  H , for any non-zero element    the subset  x ∈ H

  x ϕA = { x ϕa ∈ H a ∈ A }

is a closed linear subspace of  H  which is invariant under the representation. Since it is nec-
essarily non-zero, it is therefore equal to the Hilbert space  H  itself. Consider now the subset

mx = { a ∈ A x ϕa = 0H }

of the C*-algebra  A . Then,  mx  is evidently a right ideal of the C*-algebra  A , closed since it
is the inverse image of    under the bounded linear mapping 0H ∈ H

µx : A → H

which assigns to each    the image under  B (H)  of the element   . Moreo-a ∈ A ϕa ∈ x ∈ H
ver, the closed right ideal  mx  is a maximal right ideal of the C*-algebra  A , of which the
quotient space  mx  is canonically isomorphic to the Hilbert space  H  by the linear map-A /
ping induced by   . The representationµx : A → H

B ( mx )ϕx : A → A /

thereby determined is canonically equivalent to the irreducible representation

B (H)ϕ : A →

which determines it, by the canonical isomorphism

mx ηx : A/ → H

of Hilbert spaces.

Conversely, for any maximal right ideal m of the C*-algebra  A , the quotient space  m  A /
is canonically a Hilbert space with respect to the inner product determined by the pure state

m Cπ : A →

of the C*-algebra  A  corresponding to the maximal right ideal  m . Explicitly, the maximality
of the closed right ideal  m  is equivalent to that of the self-adjoint, closed linear subspace n  
obtained by setting

n = m + m* ,

which is therefore the kernel of a linear functional

m  Cπ : A →

yielding the pure state. In turn, the inner product on the quotient space  m  is then that de-A /
fined by setting

m m m  〈a + ,b+ 〉 = π (ab∗)
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for each   . Evidently, the C*-algebra  A  admits a canonical action on the quotienta, b ∈ A
space  m  by right multiplication, yielding a representationA /

m : A B ( m )ϕ → A /

of the C*-algebra  A  on the Hilbert space  m , which is irreducible by the maximality ofA /
the closed right ideal  m . 

It may be remarked in passing that the maximal right ideal  m  may be recovered from the
kernel n  of the pure state  m  which it determines, as the largest closed right ideal  m  con-π
tained in  n . It may also be verified straightforwardly that the maximal right ideal of the C*-
algebra  A  obtained by applying the above construction to the element  

m m  1A + ∈ A/

corresponding to the identity element    is exactly the maximal right ideal  m  of  A  1A ∈ A
from which the irreducible representation has been obtained. In this way, one obtains the ca-
nonical correspondence between the maximal right ideals  m , the pure states  m , and the ca-π
nonical irreducible representations  m  of the C*-algebra  A , to which we later makeϕ
reference.

For the moment, we note from these observations the following:

COROLLARY 4.2.  Any irreducible representation of the C*-algebra  A  on a Hilbert space  H  
determines a homomorphism from the spectrum  Max A  to the quantale of the Hilbert space  
H  which is equivalent to the homomorphism

m Q ( m )ϕ : Max A → A /

determined by a maximal right ideal  m , for some maximal right ideal  m  of the C*-algebra
A .   �

Finally, recalling that an ideal  p  of a C*-algebra  A  is said to be primitive provided that it
is the largest ideal contained in some maximal right ideal  m  of the C*-algebra  A , it may be
noted further, in the light of the construction considered above, that the primitive ideal  p  
which is the kernel of the representation is exactly that determined by the expression:

p  false } ,= { a ∈ A a ∈ P

in which   denotes entailment in the model of the theory  Max A  determined by the repre-
sentation. In turn, the primitive ideal  p  is equally given by the intersection:

p  mx=
x∈H,x≠0

of all the maximal right ideals associated with the irreducible representation. At a later point,
it will be possible to interpret this observation logically in terms of a reflection of the model
obtained from a maximal right ideal  m  to a model within constructive, rather than physical,
logic.
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5.  HILBERT QUANTALES

The concept of a point of a Gelfand quantale, such as the spectrum  Max A  of a C*-algebra
A , should be independent of the particular kind of quantale considered. The indications flow-
ing from the preceding discussion are that, in the case of the quantale  Max A , the points
should turn out to be the homomorphisms

Max A Q (H)ϕ : →

induced by the irreducible representations of the C*-algebra  A . Moreover, in that case, the
points may be considered to correspond to the maximal right ideals of the C*-algebra  A . It
must now be seen how the quantales  Q (H)  arise intrinsically from the C*-algebra  A , by
first abstracting to certain quantales which may be considered to have a natural role to play in
the context of classical models of theories.

There are two strands which have emerged in the discussion above. One is that in moving
from the commutative case, one has had to replace multiplicative linear functionals into the
complex numbers by representations on Hilbert space. The other is that an important role is
played by the sup-lattice  P (H)  of closed linear subspaces of the Hilbert space  H . In this
latter context, the involutive aspect of the representation has been linked inextricably with the
operation of orthocomplementation which is present in the sup-lattice P (H) . 

These ideas, of allowing a Gelfand quantale  Q  to act on an orthocomplemented sup-lattice
 S  by means of a homomorphism

 Q (S)ϕ : Q →

of Gelfand quantales from the quantale  Q  to the quantale  Q (S)  of sup-preserving homo-
morphisms on an orthocomplemented sup-lattice  S , are not unfamiliar [11] in the context of
Gelfand quantales, of which we begin by recalling some aspects.

DEFINITION.  By a Hilbert quantale  Q  is meant any quantale which is isomorphic to the
quantale

Q (S)

of sup-preserving mappings from an orthocomplemented sup-lattice  S  to itself. The Hilbert
quantale  Q (S)  will itself be referred to as the quantale of the orthocomplemented sup-lattice
 S .

It is recalled that by an orthocomplemented sup-lattice  S  is meant a sup-lattice  S  together
with an operation    of orthocomplementation satisfying the conditions that:⊥

s⊥⊥ = s
( si)⊥ = si

⊥

s ∨ s⊥ = 1S

s ∧ s⊥ = 0 S ,

for all   . s ∈ S and all si ∈ S
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For any Gelfand quantale  Q , it may be remarked that writing, for any   ,a ∈R(Q)

,a⊥ = a∗&b=0 b

taken over all   , defines ([11], cf. [15]) an operation on the sup-lattice  R(Q)  ofb ∈R(Q)
right-sided elements of  Q  that is a pseudo-orthocomplement, in the sense that it satisfies the
conditions that 

a ≤ a⊥⊥

( ai)⊥ = ai
⊥

a ∧ a⊥ = 0Q ,

for all    and all   . It may be observed that this pseudo-orthocomplement isa ∈R(Q) ai ∈R(Q)
actually an orthocomplement exactly if the condition

a = a⊥⊥

for all    is satisfied, for in this situation the remaining conditions necessarily implya ∈R(Q)
that

a ∨ a⊥ = 1

for all   . a ∈R(Q)

Noting that the sup-lattice  L(Q)  of left-sided elements of  Q  similarly carries a pseudo-
orthocomplement, obtained by writing

⊥a = b&a∗=0 b

for any   , we make the following:a ∈L(Q)

DEFINITION.  A Gelfand quantale  Q  is said to be a von Neumann quantale  provided that 

a = a⊥⊥

for each right-sided element    of  the quantale  Q  (or equivalently, provided thata ∈R(Q)

a = ⊥⊥a

for each left-sided element    of  Q ).a ∈L(Q)

A von Neumann quantale  Q  is therefore exactly a Gelfand quantale for which the right-sided
(equivalently, left-sided) elements form an orthocomplemented sup-lattice with respect to the
right (respectively, left) pseudo-orthocomplement of the quantale  Q .

Given the quantale  Q (S)  of any orthocomplemented sup-lattice  S , one may define [11]
an involutive mapping  *  on the quantale by assigning to each sup-preserving mapping  

Q (S)  the mapping defined byα ∈

s α∗ = 
 t α≤ s⊥ t 


⊥

for each  induced by the orthocomplementation on the sup-lattice  S . The mapping  s ∈ S
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  may be shown to be again sup-preserving, and the assignment thereby defined toα∗ : S → S
determine an involution on the quantale  Q (S)  with respect to which it is a Gelfand quantale.
Indeed, it may be remarked [11] that applying this description of the mapping  *  to a
pseudo-orthocomplemented sup-lattice yields an involution exactly if the sup-lattice is in fact
orthocomplemented. 

Moreover, there are isomorphisms

 R(Q (S))λS : Sop →

and    L(Q (S)) ,κS : S →

of sup-lattices, respectively from the dual of the sup-lattice  S  into the sup-lattice of right-
sided elements of  Q (S) , and from  S  itself into the sup-lattice of left-sided elements of
Q (S) , defined by assigning to each    the sup-preserving mappings    t ∈ S λ t , κt : S → S
given by:

s λ t = 



1S unless
0S s ≤ t

and

 s κ t = 



t unless
0S s = 0S ,

for each   . s ∈ S

It may be verified straightforwardly [11] that these isomorphisms transform the orthocom-
plement of the sup-lattice  S  into respectively the right and the left pseudo-orthocomplement
of the quantale  Q (S) . It follows that in fact these pseudo-orthocomplements are actually or-
thocomplements, and the mappings  

 R(Q (S))  λS : Sop →

and     L(Q (S))κS : S →

are isomorphisms of orthocomplemented sup-lattices. In particular, the right-sided and the
left-sided elements of the quantale  Q (S)  are respectively those of the form    forλ t and κ t

some element  . t ∈ S

One consequence, which has some significance in the present context, is that the locale  
I(Q (S))  of two-sided elements of the quantale  Q (S)  is canonically isomorphic to the Boo-
lean algebra  2 , since the only sup-preserving mappings on the orthocomplemented sup-
lattice  S  that are of both these forms are  0

Q (S) , which is equal both to   , and  κ0S
and to λ1S

1
Q (S) , which is both   . The Hilbert quantale Q (S)  may therefore be considered toκ1S

and λ0S

be a kind of quantised extension of the Boolean algebra  2 , which in the case of locales deter-
mines the concept of point.

Applying these remarks to an arbitrary Hilbert quantale, one may conclude that any Hilbert
quantale is a von Neumann quantale. Conversely, it may be proved [11] that for any von Neu-
mann quantale  Q , the mapping

 Q (R(Q))µQ : Q →

defined by assigning to each    the sup-preserving mapping from  R(Q)  to itself whicha ∈ Q
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maps each   is an isomorphism of Gelfand quantalesb ∈R(Q) to the element a∗& b ∈R(Q)
exactly if the quantale  Q  is a Hilbert quantale. The Hilbert quantales may therefore be char-
acterised intrinsically within the category of von Neumann quantales, and hence of Gelfand
quantales.

DEFINITION.  By a representation of a Gelfand quantale  Q  on an orthocomplemented sup-
lattice  S  will be meant a homomorphism

 Q (S)ϕ : Q →

of Gelfand quantales from the quantale  Q  to the quantale  Q (S)  of the orthocomplemented
sup-lattice  S .

Within this context, the observations of the preceding section may be expressed by the fol-
lowing:

THEOREM 5.1.  Any representation

 B (H)ϕ : A →

of a C*-algebra  A  on a Hilbert space  H  determines a representation

 Q (H)ϕMax A : Max A →

of its spectrum  Max A  on the orthocomplemented sup-lattice  P (H)  of closed linear sub-
spaces of the Hilbert space  H .   �

The representation of the C*-algebra  A  by a homomorphism into the C*-algebra  B (H)  
of bounded linear operators on the Hilbert space  H  has been reflected to a representation of
the Gelfand quantale  Max A  by a homomorphism into the Hilbert quantale  Q (H)  of sup-
preserving mappings on the orthocomplemented sup-lattice  P (H)  of closed linear subspaces
of the Hilbert space  H . It may be remarked further in this context that the sup-lattice P (H)  
may be identified with that of projections on the Hilbert space  H . Moreover, the sup-lattice  
P (H)  is an atomic orthocomplemented sup-lattice, with atoms the one-dimensional linear
subspaces of the Hilbert space  H .

Now, suppose that an irreducible representation

B (H)ϕ : A →

is given. For any non-zero element   of the Hilbert space  H , consider the closed linearx ∈ H
subspace  P (H) generated by   , which is therefore an atom of the sup-lattice  〈x〉 ∈ x ∈ H
P (H) . Denote by

Q (H)Mx ∈

the right-sided element of  Q (H)  obtained by applying  P (H)op  R(Q (H))  to the ele-λH : →
ment  P (H) . Since  P (H)  is an atom, that is, a minimal element, of  P (H) , the〈x〉 ∈ 〈x〉 ∈
element  Q (H)  will be a maximal element of the right side of  Q (H) .Mx ∈

23

Recalling [4] that the maximal right ideal  mx  of the C*-algebra  A  determined by the irre-
ducible representation

B (H)ϕ : A →

together with the non-zero element    is obtained by takingx ∈ H

mx   ,= { a ∈ A x ϕa = 0H }

we assert the following:

COROLLARY 5.2.  For any irreducible representation

B (H)ϕ : A →

of a C*-algebra  A  on a Hilbert space  H , the maximal right ideal  mx  of  A  determined by a
non-zero element    is that obtained by taking the closed linear subspace x ∈ H

mx  = NϕMax A ≤ Mx
N

of the C*-algebra  A  corresponding to the maximal right-sided element  Q (H)  of theMx ∈
Hilbert quantale  Q (H) . 

Moreover, any maximal right ideal of the C*-algebra  A  yielding an irreducible represen-
tation of  A  equivalent to this representation on  H  is of this form for some non-zero element

 .x ∈ H

Proof.  From the expression

mx  = { a ∈ A x ϕa = 0H }

already noted, we observe that this may be rewritten in terms of the representation of the
quantale  Max A  on the orthocomplemented sup-lattice  P (H)  in the form

mx  = 〈x〉 ϕa ≤ 〈0H〉 〈a〉

in which now  P (H) P (H)  denotes the sup-preserving mapping assigned to theϕa : →
closed linear subspace   .〈a〉 ∈ Max A

Now, we assert that the condition  
P (H)  describing the extent of the supremum is〈x〉 ϕa ≤ 0

equivalent to requiring that    in the quantale  Q (H) . For this latter inequality corre-ϕa ≤ λ〈x〉

sponds to asking that

M ϕa ≤ M λ〈x〉

for all closed linear subspaces  M  of the Hilbert space  H . By the description of the element
  of the right side of  Q (H) , this is equivalent to requiring thatλ〈x〉

 .M ϕa ≤




H unless
{0H} M ≤ 〈x〉

However, this requirement for each closed linear subspace  M  reduces to the condition that
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,〈x〉 ϕa ≤ 〈0H〉

since it is trivially satisfied for any other closed linear subspace  M , as asserted.

Applying this to the description of the required supremum, we have that

mx   .= ϕa ≤ λ〈x〉
〈a〉

Observing that    denotes the image under the representationϕa

Q (H)ϕMax A : Max A →

of the closed linear subspace    of the C*-algebra  A , and that in the present context we〈a〉
have chosen to denote the maximal right-sided element    of  Q (H)  by   , this expres-λ〈x〉 Mx

sion may be rewritten in the form

mx   .= 〈a〉 ϕMax A ≤ Mx
〈a〉

However, the quantale  Max A , as a sup-lattice, is also atomic, since any closed linear sub-
space of the C*-algebra  A  is the supremum of the subspaces    for each    〈a〉 ∈ Max A a ∈ A
that it contains. Hence, the maximal right ideal  mx   may indeed be written in the form

mx  = N ϕMax A ≤ Mx
N

in which  N  ranges over the closed linear subspaces of the C*-algebra  A .

The final assertion of the Corollary simply reflects the observation already made, that in-
deed every maximal right ideal of the C*-algebra  A  that yields a representation equivalent to
that given is of the form  mx   for some non-zero element   , which completes the proof.x ∈ H
��

The importance of the Corollary lies in the form of the expression

mx  = N ϕMax A ≤ Mx
N

for the maximal right ideal determined by the non-zero element   . For thex ∈ H
representation

 Q (H)ϕMax A : Max A →

is actually the inverse image mapping

Q (H)ϕ∗ : Max A →

of a map in the category of Gelfand quantales, where for the sake of clarity we drop the sub-
script  Max A , hence admits a direct image mapping

 Q (H)  ,ϕ∗ : → Max A

constructed by taking the coadjoint of the sup-preserving mapping denoted by   . Applyingϕ∗

the construction of this coadjoint to evaluate this direct image mapping at the element    ofMx

the quantale  Q (H) , one obtains that
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 .Mx ϕ∗ = N ϕMax A ≤ Mx
N

The maximal right ideal  mx   of the C*-algebra  A  obtained from the irreducible
representation

B (H)ϕ : A →

by the non-zero element    is therefore exactly the direct image of the maximal right-x ∈ H
sided element    of the quantale  Q (H)  determined by the non-zero element   .Mx x ∈ H

6.  PURE STATES

The concept of a pure state of a C*-algebra  A  has already been met with in describing the
inner product structure on the Hilbert space  m  determined by a maximal right ideal  m . InA /
that context, it was remarked that the pure state  

m C  π : A →

corresponding to the maximal right ideal  m  has kernel a closed linear subspace  n  of the C*-
algebra  A  that is self-adjoint, and is the unique proper self-adjoint closed linear subspace
that contains the maximal right ideal  m . Furthermore, the maximal right ideal  m  may be
recovered from the self-adjoint closed linear subspace  n  as the largest closed right ideal con-
tained in  n . 

In this section, we apply these and other observations about the pure states of a C*-algebra
to motivate the consideration of pure states in the context of Gelfand quantales, showing that
the pure states of a C*-algebra  A  may be identified with the pure states of its spectrum  
Max A , and characterising the pure states of a Hilbert quantale  Q (S)  in the case that the the
orthocomplemented sup-lattice  S  is atomic.

With these remarks, we make the following:

DEFINITION.  By a pure state  n  of a Gelfand quantale  Q  will be meant a proper self-adjoint
element  n   with the property that it is the unique proper self-adjoint element of Q  that∈ Q
contains the largest right-sided element  m   contained in  n  .∈ Q ∈ Q

By the observations made above, the kernel of any pure state 

Cπ : A →

of a C*-algebra  A  is a pure state of the spectrum  Max A  of the C*-algebra. Moreover, any
pure state  n  of the spectrum of the C*-algebra  A  is determined in this way, by considering
the pure state

m Cπ : A →

determined by the largest closed right ideal of  A  that is contained in the pure state  n  of the
Gelfand quantale  Max A . For, since the pure state  n  is a proper self-adjoint element of the
quantale  Max A , the closed right ideal  m  is also proper, hence contained in a maximal right
ideal of  A . The pure state corresponding to this maximal right ideal of  A  is therefore
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necessarily the unique proper self-adjoint element of  Max A  containing the closed right ideal
m , hence equals the pure state  n  of the quantale  Max A . In turn, it may be seen that the
closed right ideal  m  is necessarily the maximal right ideal corresponding to this pure state of
the C*-algebra  A . 

In this way, the pure states of the C*-algebra  A  may indeed be seen straightforwardly to
correspond bijectively with the pure states of its spectrum  Max A . In particular, any maximal
right ideal of the C*-algebra  A  is contained in a unique pure state of the spectrum  Max A ,
and any pure state of the spectrum Max A  contains a unique maximal right ideal of the C*-
algebra  A . In the case of a Hilbert quantale  Q (S) , a similar situation holds, provided that
we ensure that there exist the maximal right-sided elements that are needed to provide the
correspondence. Since, by the canonical isomorphism

R(Q (S)) ,λS : Sop →

the maximal right-sided elements of the Hilbert quantale  Q (S)  correspond to the atoms of
the orthocomplemented sup-lattice  S , we recall the following:

DEFINITION.  An orthocomplemented sup-lattice  S  is said to be atomic provided that each ele-
ment    is equal to the join s ∈ S

x≤s x

of the atoms    lying below it.x ∈ S

Of course, by the duality referred to above, the condition that the orthocomplemented sup-
lattice  S  is atomic is exactly equivalent to the requirement that any right-sided element of the
Hilbert quantale  Q (S)  is the meet of the maximal right-sided elements containing it, as is the
case for the spectrum  Max A  of a C*-algebra  A . 

With these preliminaries, we observe that the observations concerning the pure states of a
C*-algebra  A  extend to the case of the Hilbert quantale  Q (S)  determined by an atomic or-
thocomplemented sup-lattice  S  :

THEOREM 6.1.  Any maximal right-sided element  M  of the Hilbert quantale  Q (S)  of an
atomic orthocomplemented sup-lattice  S  is contained in a unique pure state  N  , obtained by
taking

 .N = M ∨ M∗

Any pure state  N  of the Hilbert quantale  Q (S)  contains a unique maximal right-sided ele-
ment  M , obtained by taking the join of all right-sided elements contained in  N . 

In particular, for any Hilbert quantale  Q (S)  determined by an atomic orthocomplemented
sup-lattice  S , there is a bijective correspondence between the pure states of  Q (S) and the
maximal right-sided elements of  Q (S) .

Proof.   In fact, we shall prove rather more concerning the quantale  Q (S)  while proving the
assertions of the theorem. Firstly, we recall that the canonical isomorphism
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R( Q (S))λS : Sop →

from the dual of the sup-lattice  S  to the sup-lattice of right-sided elements of  Q (S)  was de-
fined by assigning to each    the sup-preserving mapping    given by:t ∈ S λ t : S → S

s λ t = 



1S unless
0S s ≤ t

for each   . It is in this way that any maximal right-sided element of the Hilbert quantales ∈ S
Q (S)  is therefore the image of an atom   of the sup-lattice  S . The maximal right-sidedx ∈ S
element of  Q (S)  determined by an atom   will be denoted by   , and is thereforex ∈ S Mx

given by the description

s Mx = 



1S unless
0S s ≤ x

for each   .s ∈ S

Given a maximal right-sided element  Q (S) , observe that the elements of  Q (S) thatMx ∈
lie in the up-segment of the element  Mx  are exactly those of the form    for any  τs : S → S

 , defined by settings ∈ S

t τs =







1S unless
s t = x
0S t = 0S

for each   . In particular, such an element is entirely determined by its value at the givent ∈ S
element   . Indeed, with respect to the canonical pointwise ordering on the quantale  x ∈ S
Q (S) , it is evident that the mapping

↑ Mx → S

induced by evaluation at    is in fact an isomorphism of sup-lattices from the up-segmentx ∈ S
of the maximal right-sided element    to the sup-lattice  S .Mx

Evidently, an element    is proper exactly if its value    is proper in the sup-α ≥ Mx x α ∈ S
lattice  S . Moreover, recalling the observation that the involution of the Hilbert quantale  
Q (S)  assigns to the element    that is the image of    under the canonical dualMx x ∈ S
isomorphism

R(Q (S))λS : Sop →

the element    that is the image of    under the canonical isomorphismMx
∗ x⊥ ∈ S

L(Q (S)) ,κS : S →

it follows from the fact that    implies   that any self-adjoint    lying aboveMx ≤ α Mx
∗ ≤ α∗ α

the element    necessarily satisfies the condition thatMx

 .x⊥ ≤ x α

Since    is maximal in the sup-lattice  S  in the event that    is an atom of  S , itx⊥ ∈ S x ∈ S
follows either that   , in which case    is exactly the element   Q (S) , or that  x α = x⊥ α τx⊥ ∈
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 , in which case    is the top element  1
Q (S) Q (S) . It may be verified straightfor-x α = 1S α ∈

wardly that  Q (S)  is indeed a proper self-adjoint element of  Q (S) that contains theτx⊥ ∈
maximal right-sided element  Q (S) , hence is necessarily unique by the above remarks.Mx ∈
It follows in fact that this pure state corresponding to the maximal right-sided element  Mx ∈
Q (S) , which we shall denote by  Q (S) , is given implicitly by taking the joinNx ∈

Nx = Mx ∨ Mx
∗

of    with its involute    in the quantale  Q (S) , and explicitly by the descriptionMx Mx
∗

s N x =







1S unless
x⊥ t = x
0S t = 0S

for each   . In particular, any maximal right-sided element    of the Hilbert quantale  s ∈ S Mx

Q (S)  is contained in a unique pure state    of the quantale  Q (S) , as asserted.Nx

Conversely, and using for the first time the atomicity of the orthocomplemented sup-lattice
S , given a pure state  N  of the Hilbert quantale  Q (S)  let  M  denote the join of all the right-
sided elements of  Q (S)  that are contained in  N . Since  M  is necessarily proper, we may
choose a maximal right-sided element  Mx  of the Hilbert quantale that contains  M , by apply-
ing the atomicity of the orthocomplemented sup-lattice  S . (Explicitly, we take    to bex ∈ S
an atom lying below the element of  S  that is associated with the right-sided element  M  un-
der the dual isomorphism from  Sop  to  R(Q (S)) .) 

Now, by the remarks above, there is a unique pure state of  Q (S)  that contains the maximal
right-sided element  Mx , namely the element  Nx . Since  Nx  is then a proper self-adjoint ele-
ment of  Q (S)  that contains  Mx  and hence  M , by the choice of  Mx , it follows by the
uniqueness of  N  amongst proper self-adjoint elements containing  M  that it coincides with
the pure state  Nx . Of course, it then follows that  M  is exactly the maximal right-sided ele-
ment  Mx , and is the unique maximal right-sided element contained in the pure state  N . 

In particular, there is evidently a bijective correspondence between the pure states of the
Hilbert quantale  Q (S) , and the maximal right-sided elements of the Hilbert quantale  Q (S)  
(and also with the atoms of the orthocomplemented sup-lattice  S ), which completes the
proof of the theorem.  ��

In proving the theorem, we have observed that for any atom    of the orthocomple-x ∈ S
mented sup-lattice  S  there is a canonical isomorphism

↑ Mx → S

from the up-segment of the maximal right-sided element of the Hilbert quantale  Q (S)  deter-
mined by    to the sup-lattice  S .  It may further be shown that, with respect to a canoni-x ∈ S
cal orthocomplement on the sup-lattice    this is indeed an isomorphism of↑ Mx

orthocomplemented sup-lattices. Before describing this orthocomplement on the up-segment
of the maximal right-sided element  Mx  of the Hilbert quantale  Q (S) , we examine the corre-
sponding situation in the case of the spectrum  Max A  of a C*-algebra  A .

It has been remarked already that, for the maximal right ideal  mx  obtained from an irre-
ducible representation
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B (H)ϕ : A →

of the C*-algebra  A  on a Hilbert space  H  by choosing a non-zero element   , andx ∈ H
hence an atom of the orthocomplemented sup-lattice  P (H)  of closed linear subspaces of  H ,
the quotient space  mx  is canonically a Hilbert space, on which  A  admits by right multi-A /
plication an irreducible representation

B (A /mx )ϕx : A →

that is equivalent to the given representation. In particular, there is a canonical isomorphism

 A /mx → H

of Hilbert spaces that induces this equivalence.

The inner product on the quotient space  A /mx  with respect to which this isomorphism of
Hilbert spaces exists is that obtained from the pure state

Cπx : A →

associated with this irreducible representation by setting

mx mx〈 a + , b + 〉 = πx (ab∗)

for each   . In particular, the relation of orthogonality on the quotient space  A /mx  a, b ∈ A
which is determined by, and which, in conjunction with the quotient norm, determines, this
inner product is that given by writing

mx mx    if, and only if,    nx  ,a + ⊥ b + ab∗ ∈

in which  nx  denotes the kernel of the pure state   , hence the pure state of the spectrum  πx

Max A  of the C*-algebra  A  corresponding to the maximal right ideal  mx .

Observing that the sup-lattice  P (A /mx )  of closed linear subspaces of the Hilbert space  
A/mx  thereby determined is isomorphic to the up-segment  mx  of the maximal right ideal  ↑
mx  in the spectrum  Max A  of the C*-algebra  A , there is therefore a canonical isomorphism

mx  P (H)↑ →

of sup-lattices, which is moreover an isomorphism of orthocomplemented sup-lattices with
respect to the orthocomplement on  mx  defined by the orthogonality relation given by↑
setting

 nx M ⊥ N if and only if M & N∗ ≤

for each  mx  in the quantale  Max A .M , N ≥

The pure state  nx  of the spectrum  Max A  corresponding to the maximal right ideal  mx  
therefore provides the means of describing a representation equivalent to the given
representation

Max A   Q (H)ϕ Max A : →

on the Hilbert space  H  in terms that are intrinsic to the quantale  Max A . Moreover, it may
be verified straightforwardly that the image of the pure state   Nx  of the Hilbert quantale  
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Q (H)  under the direct image mapping of the representation is exactly the pure state nx  of the
spectrum  Max A  corresponding to the maximal right ideal  mx  which is the image of the
maximal right-sided element  Mx  of  Q (H)  under this direct image mapping. In particular,
allowing the choice of atom  P (H)  of the orthocomplemented sup-lattice  P (H)  to vary,x ∈
we see that each pure state of the Hilbert quantale  Q (H)  maps under the direct image map-
ping to a pure state of the spectrum  Max A , a condition to which we shall later make
reference.

Concerning the case of the Hilbert quantale  Q (S)  determined by an arbitrary atomic
orthocomplemented sup-lattice  S , we have the following:

COROLLARY 6.2.  For any maximal right-sided element  Mx   of the Hilbert quantale  Q (S)  
determined by an orthocomplemented sup-lattice  S , the canonical isomorphism

↑ Mx → S

from the up-segment of  Mx  to the sup-lattice is an isomorphism of orthocomplemented sup-
lattices with respect to the orthocomplement defined by writing

   if, and only if,   M ⊥ N M&N∗ ≤ Nx

for each   .M, N ≥ Mx

Proof.  Recalling that any  Q (S)  lying in the up-segment of    may be written inM , N ∈ Mx

the form    for some elements   , it suffices to establish thatτs , τ t s, t ∈ S

 .τs&τ t
∗ ≤ Nx if, and only if, s ≤ t⊥

But,    if, and only if,  , by the definition of the pure state    and theτs&τ t
∗ ≤ Nx (x τs)τ t

∗ ≤ x ⊥ Nx

pointwise ordering of the Hilbert quantale  Q (S) . Since   , by the definition of thisx τs = s
element of  Q (S) , this is equivalent to requiring that  , which by the description ofs τ t

∗ ≤ x ⊥

the involution on  Q (S) , is equivalent to the condition that  . Again by the definitionx τ t ≤ s ⊥

of   , this is equivalent to asking that  , or equivalently that  , as required. Theτ t t ≤ s⊥ s ≤ t⊥

canonical isomorphism therefore preserves and reflects orthogonality, hence, with respect to
the orthocomplement thereby defined  in terms of the orthogonality relation described above
on the up-segment of  Mx , the canonical isomorphism is indeed an isomorphism of orthocom-
plemented sup-lattices as asserted.  �

It is therefore possible to recover the orthocomplemented sup-lattice underlying a Hilbert
quantale by considering any maximal right-sided element    of the quantale, together withMx

the pure state    that it determines. In the event that the orthocomplemented sup-lattice isNx

atomic, then the existence of such maximal right-sided elements is assured, with the up-
segment of each and every one of them being canonically isomorphic to the orthocomple-
mented sup-lattice concerned. In particular, the pure states of a Hilbert quantale  Q (S)  are
seen to play a role with respect to orthocomplementation that is analogous to that played by
the pure states of a C*-algebra  A  in the case of its spectrum, an observation that we shall
now proceed to exploit.
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7.  IRREDUCIBLE  REPRESENTATIONS

At this point, we introduce the concept of the irreducibility of a representation

Q (S)ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on an orthocomplemented sup-lattice  S , follow-
ing closely that of a representation of a C*-algebra on a Hilbert space. It may be recalled that
a representation

B (H)ϕ : A →

of a C*-algebra  A  on a Hilbert space  H  is said to be irreducible provided that the only
closed linear subspaces of the Hilbert space  H  that are invariant under the action of the C*-
algebra  A  are the zero subspace and  H  itself, motivating the following:

DEFINITION.  A representation

Q (S)ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on an atomic orthocomplemented sup-lattice S  
will be said to be irreducible provided that it is non-zero, and that 

s ϕM ≤ s for all M ∈ Max A implies s = 0S or s = 1S

for any element   , in which Q (S)  denotes the image of the closed linear subspaces ∈ S ϕM ∈
M  of the C*-algebra  A  under the representation.

The representation

Q (H)ϕMax A : Max A →

of the spectrum  Max A  of the C*-algebra  A  on the orthocomplemented sup-lattice  P (H)  
of closed linear subspaces of the Hilbert space  H  determined by an irreducible representation

B (H)ϕ : A →

of the C*-algebra  A  on the Hilbert space  H  is evidently irreducible in the present sense, by
the observation that the orthocomplemented sup-lattice  P (H)  is just that of the closed linear
subspaces of the Hilbert space  H .

Within the context of quantales, however, we have the following characterisation of the ir-
reducibility of a representation:

THEOREM 7.1.  For any representation

Q (S) ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S ,
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a necessary and sufficient condition that the representation be irreducible is that 

1
Q (S)  .1Max A ϕ∗ =

Proof.   For, recalling that the top element of  Q (S)  is the mapping defined by

s 1
Q (S)  =





1S unless
0S s = 0

for any   , it follows that the condition that the top element of  Max A  maps to that ofs ∈ S
the Hilbert quantale  Q (S)  is exactly that

s ϕA = 1S

for any non-zero   . If the representation is irreducible, then consider the elements ∈ S

s ϕA ∈ S

determined by any non-zero element   . Evidently, this element is invariant with respects ∈ S
to the representation, since 

(s ϕA) ϕM ≤ s ϕA

for any closed linear subspace   , since necessarily   . Hence, byM ∈ Max A A&M ≤ A&A ≤ A
the irreducibility of the representation, we may conclude that    or   . Ob-s ϕA = 0S s ϕA = 1S

serving that    being non-zero implies that    is non-zero, since necessarily  s ∈ S s ϕA ∈ S
  since the C*-algebra is supposed unital, it follows that   . Thus, we haves ≤ s ϕA s ϕA = 1S

that

1
Q (S)   ,1Max A ϕ∗ =

as asserted.

Conversely, if the representation 

Q (S) ϕ : Max A →

maps the top element of  Max A  to the top element of the Hilbert quantale Q (S) , then the
representation is necessarily irreducible. For, given any element    for whichs ∈ S

s ϕM ≤ s

for all closed linear subspaces   , we assert that    or   . For, if   M ∈ Max A s = 0S s = 1S s ∈ S
is non-zero, then by the condition assumed of the representation we have that

  ,s ϕA = 1S

by the definition of the top element of the Hilbert quantale  Q (S)  . Hence,

 ,s = 1S

since in particular

 ,s ϕA ≤ s

by the invariance of the given element   . The representation is therefore necessarilys ∈ S
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irreducible, as asserted, which completes the proof of the theorem.  �

It may be remarked that since any irreducible representation

Q (S) ϕ : Max A →

of the spectrum of a C*-algebra  A  on a Hilbert quantale  Q (S)  maps the top element of  
Max A  to that of the Hilbert quantale  Q (S) , it follows that any closed right ideal  I  of the
C*-algebra  A  is mapped by the representation to a right-sided element of the Hilbert quan-
tale  Q (S)  . For, given any element    of the right-side of the spectrum  Max A ,I ∈R( Max A)
one has that

 .I&A ≤ I implies ϕI & ϕA ≤ ϕI

Observing that    is necessarily the top element  1
Q (S)   of the Hilbert quantale  Q (S) , by theϕA

irreducibility of the representation, we conclude that indeed

1
Q (S)  ,ϕI & ≤ ϕI

as asserted. Hence, any right-sided element of  Max A  is mapped to a right-sided element of
Q (S)  . Indeed, as the converse may straightforwardly be proved, this condition is again
equivalent to that of the irreducibility of the representation. A representation

Q (S) ϕ : Max A →

is therefore irreducible exactly if it restricts to a homomorphism 

R(Q (S) )R(ϕ) : R( Max A ) →

of the corresponding quantales of right-sided elements, an observation to which we shall later
return.

Adjointly, the irreducibility of a representation

Q (S) ϕ : Max A →

implies that the direct image mapping

Q (S) ϕ∗ : → Max A

also takes right-sided elements of  Q (S)  into closed right ideals of the C*-algebra  A , since
given any right-sided element  Q (S)  one has thatM ∈

1
Q (S)  1

Q (S) M ϕ∗ϕ∗ & ≤ M & ≤ M

by the coadjunction relation    and the right-sidedness of  M . By the observa-M ϕ∗ϕ∗ ≤ M
tions above concerning irreducibility, and by the fact that the inverse image mapping pre-
serves products, it follows that

 ,( M ϕ∗ & 1Max A ) ϕ∗ ≤ M

from which by adjointness, we may conclude that

 ,M ϕ∗ & 1Max A ≤ M ϕ∗
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as asserted. In other words, the direct image mapping induced by the representation also re-
stricts to a direct image mapping

R(Q (S))  ,R(ϕ)∗ : → R( Max A )

coadjoint to the restriction of the inverse image mapping.

It may also be remarked in passing that the direct image mapping

Q (S)  ϕ∗ : → Max A

necessarily also preserves involution, since for any  Q (S)  one has thatM ∈

M∗ϕ∗ = Nϕ∗≤M∗ N = (Nϕ∗)∗≤ M N

= N∗ϕ∗≤M N = Nϕ∗≤M N∗ = ( Nϕ∗≤M N )∗

  ,= ( Mϕ∗ )∗

in which    denotes an arbitrary element of the quantale  Max A . In particular, this impliesN
that the direct image mapping, as is the case for the inverse image homomorphism, evidently
maps self-adjoint elements of the Hilbert quantale  Q (S)  to self-adjoint elements of the spec-
trum  Max A .

Before considering the implications of these observations, particularly in relation to the
pure states of the quantales concerned, it should be noted in passing that we have tacitly
adopted a number of notational conventions concerning a representation

Q (S)ϕ : Max A →

of the spectrum  Max A  on the orthocomplemented sup-lattice  S , which may be summarised
as follows. When considering the image of a closed linear subspace  M  of the C*-algebra  A  
as a sup-preserving mapping from  S  to itself, we shall tend to stay with the notation

ϕM : S → S

already introduced. Whereas, when considering this image primarily with respect to the
lattice-theoretic properties of the Hilbert quantale  Q (S) , we shall invoke inverse image nota-
tion to denote this element of the Hilbert quantale  Q (S)  by  

Q (S) .M ϕ∗ ∈

It may also be noted in passing that the symbols  M , N  will be applied indiscriminately to
denote elements of the spectrum  Max A  and of the Hilbert quantale  Q (S) .

Concerning the direct image mapping

Q (S)  ,ϕ∗ : → Max A

the above observations may be extended to note that any pure state  Q (S)  of the HilbertN ∈
quantale  Q (S)  is mapped to an element    that is both proper and self-adjoint.N ϕ∗ ∈ Max A
For certainly, by the above remarks, the direct image of a self-adjoint element is necessarily
self-adjoint. It is also proper, since the direct image of any proper element  Q (S)  is nec-N ∈
essarily proper. For, suppose that on the contrary    were not proper. Then  N ϕ∗ ∈ Max A

  implies by adjointness that   . But, by the irreducibility of the1Max A ≤ N ϕ∗ 1Max A ϕ∗ ≤ N
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representation, we then have that  1
Q (S)  , contradicting the properness of the element  ≤ N

Q (S) . Hence, the direct image mapping preserves properness; in particular, the directN ∈
image mapping necessarily maps each pure state of the Hilbert quantale  Q (S)  to a proper
self-adjoint element of the spectrum  Max A . 

Concerning the possibility that a pure state  n   of the spectrum  Max A  might ac-∈ Max A
tually be the direct image of a pure state  Q (S)  of the Hilbert quantale  Q (S) , we haveN ∈
the following:

COROLLARY 7.2.  For any irreducible representation

Q (S)ϕ : Max A →

of the spectrum of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S , and for
any pure state  n  of the spectrum  Max A , the following assertions are equivalent:

a) the inverse image of the pure state  n  is a proper element of the Hilbert quantale  
Q (S) ;

b) there exists a pure state  N  of the Hilbert quantale  Q (S)  of which the direct image is
the pure state  n .

Proof.  Suppose that the pure state  n  of the spectrum  Max A  has inverse image a proper
element of  Q (S) . Consider the maximal right ideal  m  determined by the pure state  n  of  
Max A , and observe that since    it follows that  , giving that the inversem ≤ n m ϕ∗ ≤ n ϕ∗

image   is also proper. Moreover, by the remarks above, the inverse image  is right-m ϕ∗ mϕ∗

sided in the Hilbert quantale  Q (S) , by the irreducibility of the representation. By the
atomicity of the orthocomplemented sup-lattice  S , there exists a maximal right-sided ele-
ment    for which  m , in which    denotes the corresponding atom of  S . Not-Mx ϕ∗ ≤ Mx x ∈ S
ing that the inverse image homomorphism preserves involution, and recalling that necessarily
  , it follows thatn = m ∨ m∗

 .n ϕ∗ = (m ∨ m∗)ϕ∗ = mϕ∗ ∨ (m ϕ∗)∗ ≤ Mx ∨ Mx
∗ = Nx

Again by adjointness,  n   implies that  n  , while by the remarks above weϕ∗ ≤ Nx ≤ Nxϕ∗

have that   is necessarily self-adjoint and proper. By the maximality of a pure stateNxϕ∗

amongst such elements, we may conclude that  n  . Hence, the pure state  n   is indeed= Nxϕ∗
the direct image of a pure state of the Hilbert quantale  Q (S) .

Conversely, suppose that  N  is a pure state of the Hilbert quantale  Q (S)  for which  N ϕ∗ =
 n . Then, by adjointness, one has that  n   implies that  n  . Since  N  is a pure≤ N ϕ∗ ϕ∗ ≤ N
state, it is necessarily proper. Hence, a fortiori the inverse image of  n  is indeed proper.  �

Hence, an irreducible representation of the spectrum  Max A  of a C*-algebra  A  on an
atomic orthocomplemented sup-lattice  S  either maps every pure state  n  of  Max A  trivially
to the element  1

Q (S) Q (S)  of the Hilbert quantale  Q (S) , or else satisfies the conditions of∈
the following:

DEFINITION.  An irreducible representation 
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 Q (S)ϕ : Max A →

of the spectrum of a C*-algebra  A  on an orthocomplemented sup-lattice  S  will be said to be
non-trivial provided that there exists a pure state  n  of the spectrum  Max A  of which the in-
verse image  n   is a proper element of the Hilbert quantale  Q (S) .ϕ∗

It may be seen straightforwardly that the representation 

Q (H) ϕ : Max A →

of the spectrum  Max A  on the Hilbert quantale  Q (H)  determined by any irreducible repre-
sentation of the C*-algebra  A  on a Hilbert space  H  is indeed non-trivial. Indeed, in this
case, each pure state of the Hilbert quantale  Q (H)  has direct image a pure state of the spec-
trum  Max A , in such a way that the direct image mapping then provides an embedding 

P(Q (H))P (ϕ) : → P (Max A)

of the set of pure states of the Hilbert quantale  Q (H)  in the set of pure states of the spectrum
Max A . Moreover, it may be seen by the preceding corollary that the image of this embed-
ding then consists exactly of those pure states of  Max A  of which the inverse image is
proper. In consequence, the representation is then non-trivial, since the set of pure states of
the Hilbert quantale  Q (H)  is certainly non-empty by the fact that an irreducible representa-
tion is necessarily non-zero.

Explicitly, observing that each pure state of the Hilbert quantale  Q (H)  is obtained by
choosing a non-zero element   , recall thatx ∈ H

mx = { a ∈ A x ϕa = 0 H}

is a maximal right ideal of the C*-algebra  A , necessarily by its construction the direct image
of the maximal right-sided element    of the Hilbert quantale  Q (H)  determined by theMx

closed linear subspace of  H  generated by the element   . By the irreducibility of thex ∈ H
representation, the direct image    of the pure state    corresponding to this maximalNxϕ∗ Nx

right-sided element    is necessarily a proper self-adjoint element of the spectrum  Max A  Mx

that contains the maximal right ideal  mx , hence by uniqueness is exactly the pure state 

nx = mx ∨ mx
∗

of the spectrum  Max A  associated with the maximal right ideal  mx . Hence, the direct image
of the pure state  Q (H)  of the Hilbert quantale  Q (H)  is indeed the pure stateNx ∈

nx = Nxϕ∗

of the spectrum  Max A . It is now asserted that the inverse image    of this pure state  nxnxϕ∗

is the pure state    of the Hilbert quantale  Q (H) .Nx

To prove this, it suffices to show that the inverse image    of the maximal right ideal  mxϕ∗

mx  is the maximal right-sided element  Q (H)  of the Hilbert quantale  Q (H) . NotingMx ∈
the definition of the element  Q (H)  given earlier, observe immediately that Mx ∈

 ,mx ϕ∗ ≤ Mx

since by the construction of the maximal right ideal  mx  the image of the linear subspace
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generated by the element    under the sup-preserving mapping    is necessarily thex ∈ H mxϕ∗

zero subspace. To show conversely that

,Mx ≤ mx ϕ∗

it is enough to verify that the sup-preserving mapping    maps the linear subspace gen-mx ϕ∗

erated by any element    that is linearly independent from the element    to they ∈ H x ∈ H
closed linear subspace  H  itself. However, in this situation, by a well-known construction
[4] , for any    there exists an element    of the C*-algebra  A  to which the repre-z ∈ H az ∈ A
sentation assigns a bounded linear operator that maps   to zero and    to the givenx ∈ H y ∈ H
element   . Since the first of these conditions states exactly that  mx , allowing  z ∈ H az ∈

  to vary over the Hilbert space  H  ensures that the sup-preserving mapping given by  z ∈ H
 , and hence a fortiori that given by   , maps the linear subspace gener-z∈H ϕaz a∈mx

ϕa

ated by    to the Hilbert space  H  itself. Thus, the inverse image    of the maximaly ∈ H mx ϕ∗

right ideal  mx  associated with the pure state  nx  is exactly the maximal right-sided element  
  associated with the pure state   . Hence, since the inverse image homomorphism pre-Mx Nx

serves joins and involution, it follows that

 ,nx ϕ∗ = (mx ∨ mx
∗) ϕ∗ = mx ϕ∗ ∨ (mx ϕ∗)∗ = Mx ∨ Mx

∗ = Nx

as asserted. 

To observe that the mapping

P(Q (H))P(ϕ) : → P (Max A)

from the pure states of  the Hilbert quantale  Q (H)  to the pure states of the spectrum  Max A
induced by the direct image mapping  is indeed an embedding, we note simply that, by theϕ∗
above identity, the inverse image homomorphism provides a splitting for the direct image
mapping on pure states, giving the required condition. 

Indeed, these observations concerning the irreducible representation determined by an irre-
ducible representation of a C*-algebra  A  on a Hilbert space  H  may be extended to the fol-
lowing specialisation of the preceding corollary:

COROLLARY 7.3.  For any irreducible representation

Q (S)ϕ : Max A →

of the spectrum of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S , the fol-
lowing conditions on a pure state  N  of the Hilbert quantale  Q (S)  are equivalent:

a) the pure state  N   is the inverse image of a pure state  n  of the spectrum  Max A ;

b) the pure state  N  has direct image a pure state  n  of the spectrum  Max A  of which
the inverse image is the pure state  N .

Moreover, in the case that these equivalent conditions are satisfied by each pure state of the
Hilbert quantale  Q (S) , the direct image mapping provides an embedding 

P(Q (S))   P (ϕ) : → P (Max A)

of the pure states of the Hilbert quantale  Q (S)  in the pure states of the spectrum   Max A .
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Proof.  Evidently, the first condition is implied by the second. Suppose conversely that the
pure state  N  of the Hilbert quantale  Q (S)  is the inverse image  n   of a pure state  n  ofϕ∗

the spectrum  Max A . It is asserted that the direct image  N   of   N  is exactly  n , henceϕ∗

that   . For, observe firstly that, by the adjointness of the inverse image and directN ϕ∗ϕ∗ = N
image mappings, we have that  N  implies that  n   . However, since the elementnϕ∗ ≤ ≤ Nϕ∗

  is self-adjoint, by the remarks preceding the corollary above, and proper, by the irre-Nϕ∗

ducibility of the representation, in the spectrum Max A , this necessarily implies that  Nϕ∗ =
n , by the maximality of the pure state  n . Hence, the first condition implies the second, giv-
ing the required equivalence.

Suppose now that these equivalent conditions are satisfied by each pure state of the Hilbert
quantale  Q (S) . Then the direct image mapping evidently provides a mapping

P(Q (S))P (ϕ) : → P (Max A)

from the pure states of the Hilbert quantale  Q (S)  to the pure states of the spectrum  Max A .
That this determines an embedding of the pure states of  Q (S)  amongst such pure states of  
Max A  follows by noting that   implies that   , by theN ϕ∗ = N ϕ∗ N = N ϕ∗ϕ∗ = N ϕ∗ϕ∗ = N
above remarks. Indeed, it may be noted by the preceding corollary that a pure state  n  of  
Max A  lies in the image of this embedding exactly if its inverse image  n  is proper, henceϕ∗

by the above remarks necessarily pure. In particular, the condition that the direct image map-
ping providing an embedding of the pure states  N  of the Hilbert quantale  Q (S)  in the pure
states  n of the spectrum  Max A  may be seen to be equivalent to the requirement that each
pure state  N  of the Hilbert quantale  Q (S)  satisfies the equivalent conditions of the corol-
lary.   �

It will later be seen that this condition on an irreducible representation

 Q (S)ϕ : Max A →

of the spectrum  Max A  on an atomic orthocomplemented sup-lattice  S , that the direct im-
age mapping provides an embedding 

P(Q (S))P (ϕ) : → P (Max A)

of the pure states  Q (S)  of the Hilbert quantale  Q (S)  in the pure states of the spectrumN ∈
Max A , not only is satisfied by the irreducible representation 

Q (H)ϕ : Max A →

determined by an irreducible representation of the C*-algebra  A  on a Hilbert space  H , but
actually provides a characterisation of those irreducible representations of the spectrum  
Max A  on an atomic orthocomplemented sup-lattice  S  that are equivalent to an irreducible
representation of this kind, in the sense that will now be described.

8.  THE POINTS OF  MAX A

Throughout, the aim has been to arrive at a formulation of the concept of a point of the
spectrum  Max A  of a C*-algebra  A . Consideration of the spectrum  Max A  as the Linden-
baum algebra of propositions in a theory that generalises that considered constructively in the
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classical commutative case, and, more specifically, intuitive expectations concerning the na-
ture of points of a quantale of the kind of Max A , have led us to consider representations

Q (S)ϕ : Max A →

of the spectrum on atomic orthocomplemented sup-lattices  S . Amongst these are those rep-
resentations that arise from an irreducible representation 

B (H)ϕ : A →

of the C*-algebra  A  on a Hilbert space  H . 

Extending to this context the concept of equivalence of representations of a C*-algebra  A ,
we make the following:

DEFINITION.  By an equivalence of representations

Q (S)  ,  Q (S')ϕ : Max A → ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on orthocomplemented sup-lattices  S , S'  will be
meant an isomorphism

η : S → S

of orthocomplemented sup-lattices for which the corresponding isomorphism

Q (S) Q (S')ση : →

makes the diagram

commute.

It may be proved straightforwardly, applying the remarks made earlier, that representations

B (H)  ,   B (H')ϕ : A → ϕ : A →

of a C*-algebra  A  on Hilbert spaces  H , H'  are equivalent exactly if the corresponding
representations

Q (H)   ,   Q (H')ϕMax A : Max A → ϕMax A : Max A →

of the spectrum  Max A  are equivalent in the present sense.

With this in mind, we make for the sake of brevity the following:

DEFINITION.  By a Hilbert representation of the spectrum  Max A  of a C*-algebra  A  will be
meant a representation

Q (S )

Q (S')

ϕ

ση
ϕ′

AMax
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Q (S)ϕ : Max A →

which is equivalent to the representation of  Max A  arising from a representation of the C*-
algebra  A  on a Hilbert space  H .

At this point, it should be remarked that the concept of a Hilbert representation being irre-
ducible is that which is referred to classically as topological irreducibility, being based on the
requirement that there exists no non-trivial closed subspace of the Hilbert space  H  that is
invariant under the action of the representation of the C*-algebra  A . In the present situation,
this has been abstracted by considering the orthocomplemented sup-lattice  P(H)  of closed
linear subspaces of the Hilbert space  H . It is well-known that in the context of representa-
tions of a C*-algebra  A  on a Hilbert space  H  the concept of topological irreducibility is
equivalent, albeit non-trivially, to that of algebraic irreducibility, that is that there exists no
non-trivial subspace of  H  that is invariant under the action of the C*-algebra  A . 

In the present context, even within the Hilbert quantale of the atomic orthocomplemented
sup-lattice  P(H)  of closed linear subspaces of  H , this concept may be recovered in the fol-
lowing form:

DEFINITION.  A representation

Q (S)ϕ : Max A →

of the spectrum of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S  will be
said to be algebraically irreducible provided that it is non-zero, and that each atom    isx ∈ S
a cyclic generator of the representation, in the sense that the subset

{ x ϕM ∈ S M ∈ Max A }

is exactly the sup-lattice  S .

It may be remarked that the equivalence of this classically with the topological irreducibil-
ity of the representation establishes the fact that every irreducible representation of the C*-
algebra  A  on Hilbert space  H  arises from a pure state of the C*-algebra  A . In the case of
an irreducible representation of the spectrum  Max A  on an atomic orthocomplemented sup-
lattice  S , the concept of algebraic irreducibility provides the basis for a characterisation of
those irreducible representations of the Gelfand quantale  Max A  that are equivalent to those
obtained from irreducible representations of the C*-algebra  A  in the classical sense, thereby
taking a first step towards identifying the concept of a point of the spectrum  Max A :

THEOREM 8.1.  For any C*-algebra  A , an irreducible representation

 Q (S)ϕ : Max A →

of the spectrum  Max A  on an atomic orthocomplemented sup-lattice  S  is a Hilbert
representation if, and only if, it is non-trivial and algebraically irreducible.

Proof.  That the condition is necessary may be remarked by observing that we have already
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shown that the irreducible representation 

Q (H)ϕ : Max A →

of the spectrum  Max A  determined canonically by an irreducible representation of the  C*-
algebra  A  on a Hilbert space  H  is necessarily non-trivial, indeed actually determines an em-
bedding of the pure states of the Hilbert quantale  Q (H)  in the pure states of the spectrum
Max A . That the irreducible representation is algebraically irreducible in the present sense is
just a restatement within the context of quantales of the observation that any irreducible rep-
resentation of a C*-algebra  A  on a Hilbert space  H  is indeed algebraically irreducible in the
classical sense. The irreducible representation

Q (H)ϕ : Max A →

is thus indeed non-trivial and algebraically irreducible, as asserted.

It remains to prove that the condition is sufficient, in other words that with a non-trivial al-
gebraically irreducible representation

Q (S)ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S  
may be associated a Hilbert space  H  together with an isomorphism

P (H) η : → S

of orthocomplemented sup-lattices from the lattice of closed linear subspaces of the Hilbert
space  H  to the orthocomplemented sup-lattice  S , inducing an equivalence of representa-
tions of the Gelfand quantale  Max A . It is with establishing this that the remainder of the
proof will be concerned.

It may be remarked at this point that we actually prove a slightly sharper result, namely that
the irreducible representation is a Hilbert representation provided that there is a pure state  

Q (S)  of the Hilbert quantale  Q (S)  of which the direct image    is a pureNx ∈ Nxϕ∗ ∈ Max A
state of the spectrum  Max A , and for which the corresponding atom    is a cyclic gen-x ∈ S
erator of the representation, a situation that we shall describe by saying that the pure state  

Q (S)  generates the representation. For, evidently, supposing that Nx ∈

Q (S)ϕ : Max A →

is a non-trivial algebraically irreducible representation of the spectrum  Max A of the C*-
algebra  A  on the atomic orthocomplemented sup-lattice  S , then by the non-triviality of the
irreducible representation, there exists a pure state  n  of the spectrum  Max A  of which the
inverse image is a proper element of the Hilbert quantale  Q (S) .  By Corollary 7.2, there ex-
ists a pure state  N  of the Hilbert quantale  Q (S)  of which the direct image    is necessar-Nϕ∗

ily the pure state  n . Denoting by    the atom of the atomic orthocomplementedx ∈ S
sup-lattice  S  for which  N  is the pure state  Q (S) , one observes by the proof of  Corol-Nx ∈
lary 7.2 that the maximal right ideal  m  of the C*-algebra  A  associated with the pure state  n
 is equally necessarily the direct image   of the maximal right-sided element  Q (S)Mxϕ∗ Mx ∈
 associated with the pure state  Q (S) . Throughout the remainder of the proof, the directNx ∈
images   ,  of these elements   Q (S)  will be denoted by  mx , nx  Mxϕ∗ Nxϕ∗ Mx , Nx ∈
respectively.

With this notation, it may be recalled that the quotient space  A /mx  of the C*-algebra  A  
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determined by the maximal right ideal  mx  is then a Hilbert space with respect to the inner
product determined by the pure state of the C*-algebra  A  of which the kernel is the self-
adjoint closed linear subspace  nx . Hence, there is a canonical isomorphism

P (A /mx) mx  → ↑

of sup-lattices from the sup-lattice of closed linear subspaces of the Hilbert space  A /mx  
thereby determined to the up-segment  mx  of the maximal right ideal  mx , which is an iso-↑
morphism of orthocomplemented sup-lattices with respect to the orthocomplement on  mx  ↑
defined by the orthogonality relation given by setting

 nx M ⊥ N if, and only if, M&N∗ ≤

for each  mx  in the quantale  Max A .M , N ≥

Equally, it may be recalled that there is a canonical isomorphism

↑ Mx → S

of sup-lattices from the up-segment of the maximal right-sided element    of the HilbertMx

quantale  Q (S)  to the sup-lattice  S , obtained by assigning to each sup-preserving mapping  
  its value    at the given atom   . Moreover, the up-segment   isτ ≥ Mx x τ ∈ S x ∈ S ↑ Mx

canonically an orthocomplemented sup-lattice, and the canonical mapping 

↑ Mx → S

an isomorphism of orthocomplemented sup-lattices, with respect to the orthocomplement on  
  defined by the orthogonality relation given by setting↑ Mx

  M ⊥ N if and only if M&N∗ ≤ Nx

for each    in the quantale  Q (S) .M , N ≥ Mx

It may therefore be remarked that to obtain an isomorphism of orthocomplemented sup-
lattices from the orthocomplemented sup-lattice  P (A /mx)  of closed linear subspaces of the
Hilbert space  A /mx to the orthocomplemented sup-lattice  S , it is enough to obtain an iso-
morphism of orthocomplemented sup-lattices from the up-segment  mx  of the maximal↑
right-sided element  mx  of the spectrum  Max A  to the up-segment    of the maximal↑ Mx

right-sided element    of the Hilbert quantale   Q (S) . Consider then the mappingMx

mx  ψ∗ :↑ → ↑ Mx

obtained from the inverse image mapping

Q (S)ϕ∗ : Max A →

by assigning to each closed linear subspace  N  of the C*-algebra  A  containing the maximal
right ideal  mx  the element    of the Hilbert quantale  Q (S) , together with theN ϕ∗ ∨ Mx

mapping

mxψ∗ :↑ Mx → ↑

obtained by restricting the direct image mapping

Q (S)ϕ∗ : → Max A
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to the up-segment of the maximal right-sided element  Q (S) , of which the values lieMx ∈
naturally in the up-segment of  mx  . It may be noted that the mapping    is necessar-= Mxϕ∗ ψ∗

ily sup-preserving, while the mapping    is at least order-preserving. It may also be re-ψ∗
marked in passing that a consequence of the irreducible representation being shown to be
Hilbert will be that    for each closed linear subspace  mx , from which it fol-Nϕ∗ ≥ Mx N ≥
lows that the mapping   is in fact obtained similarly by restricting the inverse image map-ψ∗

ping to the up-segment of the maximal right ideal  mx .

It is asserted that, with respect to the canonical orthocomplements on the sup-lattices con-
cerned, the mapping

mx ψ∗ : ↑ → ↑ Mx

is an isomorphism of orthocomplemented sup-lattices, with inverse the mapping

mx  .ψ∗ : ↑ Mx → ↑

To establish this, we show firstly that the mappings concerned are inverse in one direction,
namely that

mx ↑ Mx
∗ψ ↑

∗ψ ↑ Mx

is the identity mapping on the sup-lattice   . For, recall that the elements of    are↑ Mx ↑ Mx

the mappings    defined for each    byτs : S → S s ∈ S

  ,t τs =







1S unless
s t = x
0S t = 0S

by the form of the sup-preserving mappings in the up-segment of    noted above. Hence,Mx

 ,τs ψ∗ = N ϕ∗≤ τs
N = ϕN ≤ τs

N = x ϕN ≤ s N

respectively by the definition of the direct image mapping   , the denotation by   of theϕ∗ ϕN

image of a closed linear subspace  N  of the C*-algebra  A  under the representation of the
spectrum on the orthocomplemented sup-lattice  S , and the observation that lying in the
down-segment of    is equivalent to taking value at    in the down-segment of   .τs x ∈ S s ∈ S
Now, applying the sup-preserving mapping  , we obtain thatψ∗

 .τsψ∗ψ∗ = x ϕN ≤ s N ψ∗ = x ϕN ≤ s ϕN ∨ Mx

However, since this lies in the up-segment of   , to verify that it equals    it suffices toMx τs

check that its value at    is indeed that of   , namely   . But, by the hypothesis thatx ∈ S τs s ∈ S
the pure state  Q (S)  generates the representation, hence that the element    is a cy-Nx ∈ x ∈ S
clic generator for the representation, the subset

{ x ϕN ∈ S N ∈ Max A }

is necessarily equal to  S , and hence there exists a closed linear subspace  M  of the C*-
algebra  A  for which   . Hence,x ϕM = s

 ,x τsψ∗ψ∗ = x ϕN ≤ s x ϕN ∨ x Mx = x ϕM ∨ xλx = s
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respectively by the pointwise ordering on the sup-preserving mappings on  S , the observation
that the supremum is realised at the closed linear subspace  M , and the fact that   .x λx = 0S

Since this is equal to the value    of    at   , it follows that the mappings arex τs = s τs x ∈ S
equal, hence the required composite is the identity on   , as asserted.↑ Mx

It is asserted next that the sup-preserving mapping

↑mx ψ∗ : → ↑ Mx

both preserves and reflects orthogonality, with respect to the canonical orthocomplements on
the sup-lattices concerned. By the remarks already made, the relation of orthogonality be-
tween closed linear subspaces containing  mx  may be expressed by

M ⊥ N    if, and only if,    M & N* ≤ nx 

for any  M , N  ≥ mx ,  for  nx  the pure state of the spectrum  Max A  corresponding to the
maximal right ideal  mx  of the C*-algebra  A . Similarly, it has been remarked that in the Hil-
bert quantale  Q (S)  determined by the orthocomplemented sup-lattice  S , the relation of or-
thogonality on the up-segment of the maximal right-sided element  Mx  may be expressed by

     if, and only if,     τs ⊥ τ t τs & τ t
∗ ≤ Nx

for any   , similarly for    the pure state of the Hilbert quantale  Q (S)  corre-τs , τ t ≥ Mx Nx

sponding to the maximal right-sided element   .Mx

With these remarks, it follows immediately that the mapping

 : ↑mx ψ∗ → ↑ Mx

preserves orthogonality. For, since  mx  , by the construction of  mx , one has that ϕ∗ ≤ Mx

mx* , by the fact that the inverse image mapping is involutive. Hence, on takingϕ∗ ≤ Mx
∗

joins, we find that, by the construction of  nx  and by the observation concerning  Nx , we have
that  nx  . Hence, ϕ∗ ≤ Nx

nx  (mx ∨ mx*)  .ϕ∗ = ϕ∗ ≤ Mx ∨ Mx
∗ = Nx

But then, whenever  M , N ≥ mx are such that  M ⊥ N  in the orthocomplemented sup-lattice  
↑mx , then    in the orthocomplemented sup-lattice  ↑Mx , since   nx im-M ψ∗ ⊥ N ψ∗ M&N∗ ≤
plies  Nx , hence(M&N∗) ϕ∗ ≤

=   M ψ∗& (N ψ∗)∗ (M ϕ∗ ∨ Mx) & (N ϕ∗ ∨ Mx)∗

 =   (ϕM ∨ Mx) & (ϕN∗ ∨ Mx
∗)

≤   ϕM & ϕN∗ ∨ (Mx ∨ Mx
∗)

=   (M & N ∗)ϕ∗ ∨ Nx

=  Nx  ,

which establishes the required assertion.

For the converse assertion, suppose that closed linear subspaces  M , N  are given contain-
ing the maximal right ideal  mx  of the C*-algebra  A  for which    in the or-M ψ∗ ⊥ N ψ∗

thocomplemented sup-lattice   . By the observation that this means exactly that ↑ Mx

 , M ψ∗& (N ψ∗)∗ ≤ Nx
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it follows by the definition of the mapping  mx   that  ψ∗ :↑ → ↑ Mx ϕM&N∗ = ϕM & ϕN∗

 . By adjointness of the inverse and direct≤ (ϕM ∨ Mx) & (ϕN∗ ∨ Mx
∗) = M ψ∗& (N ψ∗)∗ ≤ Nx

image mappings determined by the representation, it follows that  , and hence,M&N∗ ≤ Nx ϕ∗

by the irreducibility of the representation, that

M & N* ≤ nx ,

since the pure state    of the Hilbert quantale  Q (S)  has direct image the pure state  nx ofNx

the spectrum  Max A . Hence, we have that    in the orthocomplemented sup-lattice    M ⊥ N
 mx . The sup-preserving mapping↑

mx  ψ∗ : ↑ → ↑ Mx

therefore also reflects orthogonality. 

It follows that the sup-preserving mapping

mx  ψ∗ : ↑ → ↑ Mx

is orthocomplement-preserving, since for any closed linear subspace  N  containing  mx  one
has that   . Hence, observing that any    is necessarily of the form  N⊥ = M ≤N⊥ M τ ≥ Mx

 by taking  M  to be  , by the observation already made that    followed by    isM ψ∗ τ ψ∗ ψ∗ ψ∗

the identity, one has that

,(N ψ∗)⊥ = τ ≤ (N ψ∗)⊥ τ = M ψ∗ ≤ (N ψ∗)⊥ M ψ∗ = M ≤ N⊥ M ψ∗ = N⊥ψ∗

since, by the above remarks,    if, and only if,   M ≤ N⊥ M ψ∗ ≤ (N ψ∗)⊥.

With these remarks, we may conclude finally that

mx  ψ∗ : ↑ → ↑ Mx

is an isomorphism of orthocomplemented sup-lattices. The mapping concerned is already
known to be an orthocomplement- and sup-preserving mapping from  ↑mx  onto  ↑Mx . From
the above remarks, it then follows that it is order-reflecting, since   implies  M ψ∗ ≤ N ψ∗

  implies   . The mapping is therefore also injec-M ψ∗ ≤ ( N ψ∗)⊥⊥ = ( N⊥ψ∗)⊥ M ≤ N⊥⊥ = N
tive, hence an isomorphism of orthocomplemented sup-lattices, as asserted. 

Observing that we already have canonical isomorphisms

P (A/mx) mx   and   → ↑ ↑ Mx → S

of orthocomplemented sup-lattices, respectively by the mapping that identifies a closed linear
subspace of the Hilbert space  A/mx  with a closed linear subspace lying above the maximal
right ideal  mx  in the C*-algebra  A , and the mapping that evaluates each    at the ar-τ ≥ Mx

bitrarily chosen   , this yields the desired isomorphismx ∈ S

P (A/mx)  → S

from the orthocomplemented sup-lattice of the Hilbert space  A/mx  determined by the maxi-
mal right ideal  mx  to the orthocomplemented sup-lattice  S , from which it may be proved
straightforwardly that the irreducible representation

Q (S)ϕ : Max A →
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on the Hilbert quantale  Q (S)  is indeed equivalent to that induced by the irreducible
representation

A  → B (A/mx)

of the C*-algebra  A  determined by the maximal right ideal  mx , which completes the proof
of the theorem.  �

With the observation of the theorem, we have obtained a first characterisation, in terms of
the concept of algebraic irreducibility, of those irreducible representations

Q (S)ϕ : Max A →

of the spectrum of the C*-algebra  A  that correspond in some intuitive sense to its points. It
has, however, been remarked that, in the case of a representation of the C*-algebra  A  on a
Hilbert space  H , the property of algebraic irreducibility is already implied by that of topo-
logical irreducibility, the notion of irreducibility considered here. 

Having this classical equivalence in mind, we shall now observe that the equivalence that
underlies this implication remains valid for any irreducible representation

Q (S)ϕ : Max A →

that is both non-trivial and satisfies the conditions of the following:

DEFINITION.  A representation

Q (S)ϕ : Max A →

of the spectrum of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S  will be
said to be regular provided that it is non-zero and that for any distinct atoms    therex, y ∈ S
exists an element    for whichM ∈ Max A

 .x ϕM = 0S and y ϕM = 1S

It may first be noted that this condition on a representation already implies that the repre-
sentation is irreducible. For, by the theorem of the preceding section, it suffices to show that
the inverse image of the element    of the spectrum  Max A  is indeed the element  1

Q (S)1Max A

of the Hilbert quantale  Q (S) . For this to be the case, noting that this inverse image is exactly
the element of  Q (S)  that we are denoting by  Q (S) , it is enough to show thatϕA ∈

y ϕA = 1S

for each atom   . However, either the atomic orthocomplemented sup-lattice  S  has onlyy ∈ S
a single atom, necessarily   , in which case the assertion follows trivially since the in-1S ∈ S
verse image homomorphism is unital, or, for each atom    we may choose an atom  y ∈ S

  distinct from    and apply the regularity of the representation to find an element  x ∈ S y ∈ S
  for which    and   . Noting that then    implies that  M ∈ Max A x ϕM = 0S y ϕM = 1S M ≤ A

 , we have the required assertion. Hence, the representation 1S ≤ y ϕM ≤ y ϕA

Q (S)ϕ : Max A →

47

is irreducible. 

It may be seen straightforwardly that the irreducible representation

Q (H)ϕ : Max A →

determined by an irreducible representation of the C*-algebra  A  on a Hilbert space  H  is in-
deed regular. For, by the transitivity theorem for irreducible representations of a C*-algebra  
A , to which reference has already been made ([4]) , we have that for any linearly independent
elements    there exists an element    to which the representation assigns ax, y ∈ H az ∈ A
bounded linear operator that maps    to zero and    to any given element   .x ∈ H y ∈ H z ∈ H
Letting    denote the closed linear subspace of  A  generated by these elements  M ∈ Max A

  for each   , it follows that the inverse image  Q (H)  of this element of theaz ∈ A z ∈ H ϕM ∈
spectrum  Max A  has the property that

 ,〈x〉 ϕM = 〈0〉 and 〈y〉 ϕM = H

yielding the regularity of the representation.

The assertion that an irreducible representation that is regular is indeed algebraically irre-
ducible is then the principal content of the following:

COROLLARY 8.2.  For any C*-algebra  A , an irreducible representation

 Q (S)ϕ : Max A →

of the spectrum  Max A  on an atomic orthocomplemented sup-lattice  S  is a Hilbert
representation if, and only if, it is non-trivial and regular.

Proof.  By the theorem already proved, it suffices to show that any regular representation

Q (S)ϕ : Max A →

on an atomic orthocomplemented sup-lattice  S  is necessarily algebraically irreducible.
Hence, given any atom    of the orthocomplemented sup-lattice  S , we assert that  x ∈ S x ∈ S
is indeed a cyclic generator of the representation. Recalling that this requires that the subset

{ x ϕM ∈ S M ∈ Max A}

be shown to be exactly  S , we note that by the atomicity of the sup-lattice  S , it suffices to
show that for each atom   there exists a closed linear subspace  M  of the C*-algebra  A  y ∈ S
for which

 .x ϕM = y

Consider then, for any given atom   , the problem of finding such an element  y ∈ S
 . Evidently, one must search amongst those closed linear subspaces  M  forM ∈ Max A

which

 .x ϕM ≤ y

Note that this condition is equivalent to requiring that
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 ,x ϕMMy = 0

by the definition of the maximal right-sided element    of the Hilbert quantale  Q (S) .My

However, this condition is in turn equivalent to the requirement that

 ,ϕM& My ≤ Mx

again by the definition of the maximal right-sided element    of  Q (S) . Mx

Now, denoting correspondingly by    the direct image    of the maximal right-sidedmy Myϕ∗

element    of the Hilbert quantale  Q (S)  determined by the given atom   , considerMy y ∈ S
the closed linear subspace  L  of the C*-algebra  A  given by

 .L = my
∗ ∨ mx

Observe that this closed linear subspace lying above the maximal right-sided element  mx  is
indeed proper, since otherwise  1Max A   implies that  1Max A≤ my

∗ ∨ mx ϕ∗ ≤ (my ϕ∗)∗ ∨ (mx ϕ∗)
  since, by adjointness,  my   and  mx  . However,    is≤ My

∗ ∨ Mx ϕ∗ ≤ My ϕ∗ ≤ Mx My
∗ ∨ Mx

indeed proper, since, noting that   , it maps the element    to the elementMy
∗ = λy

∗ = κy⊥ x ∈ S
 . Hence, in the orthocomplemented sup-lattice  mx  , the proper element  L  has or-y⊥ ∈ S ↑

thocomplement, obtained by taking the join of all those  mx   for whichM ≥

nx  ,L& M∗ ≤

necessarily non-zero, yielding the existence of a closed linear subspace  M , strictly (by the
properness of the element  L ) containing the maximal right ideal  mx , satisfying the∈↑ mx

above condition.

Concerning this closed linear subspace  M , we note that

nx (my
∗ ∨ mx)& M∗ ≤

implies that

my
*   nx ,& M∗ ≤

since necessarily  mx mx    nx  , by the right-sidedness of the element  mx . In turn,& M∗ ≤ ≤
this is equivalent to the condition that

my  nx  ,M & ≤

by the self-adjointness of the pure state  nx. Finally, by the right-sidedness of the element  my ,
we have that

 my mx ,M & ≤

since  mx  is the largest right-sided element contained in the pure state  nx . 

Applying the inverse image homomorphism to this inequality, we obtain that

my mx  ,ϕM & ϕ∗ ≤ ϕ∗

from which the required inequality
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 ϕM & My ≤ Mx

follows by observing that the inverse image of  my  is exactly the element  Q (S) . To seeMy ∈
this, observe that by the regularity of the representation for each atom    distinct from  z ∈ S

  there exists an element    for which    and   . But,  y ∈ S M ∈ Max A y ϕM = 0S z ϕM = 1S

  implies that   , hence by adjointness that  my . Hence, we have thaty ϕM = 0S ϕM ≤ My M ≤
my  , giving that    is mapped by  my   to   . Since this holds for eachϕM ≤ ϕ∗ z ∈ S ϕ∗ 1S ∈ S

atom    distinct from   , it follows that the inverse image of  my  is exactlyz ∈ S y ∈ S ∈ Max A
Q (S) , as asserted. Noting that by adjointness one has that  mx  , this yields theMy ∈ ϕ∗ ≤ Mx

required inequality, hence, by the observation made above, that

 .x ϕM ≤ y

By the atomicity of the element   , this implies that either    or   .y ∈ S x ϕM = 0S x ϕM = y
However,    implies thatx ϕM = 0S

 ,M ϕ∗ ≤ Mx

and hence, by adjointness, that  mx , contradicting the observation that theM ≤ Mx ϕ∗ =
closed linear subspace  M  lies strictly above the maximal right ideal  mx  in the spectrum  
Max A . Hence, there exists a closed linear subspace  M  such that

 ,x ϕM = y

as required, yielding that the element    is indeed a cyclic generator for thex ∈ S
representation. 

The representation is therefore algebraically irreducible, hence a Hilbert representation by
the preceding theorem.   �

Finally, we may observe that the conditions for an irreducible representation to be a Hilbert
representation may be expressed in terms which may be considered almost purely topologi-
cal, in the sense that the condition requires merely that the direct image mapping behaves
well on pure states:

COROLLARY 8.3.  For any C*-algebra  A , an irreducible representation

Q (S)ϕ : Max A →

of the spectrum  Max A  on an atomic orthocomplemented sup-lattice  S  is a Hilbert repre-
sentation if, and only if, the direct image mapping canonically determines an embedding

P(Q (S))P (ϕ) : → P (Max A)

of the pure states of the Hilbert quantale  Q (S)  in the pure states of the spectrum  Max A .

Proof.  By the observations of the preceding section, it is known that the irreducible
representation

Q (H)ϕ : Max A →
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determined by any irreducible representation of the C*-algebra  A  on a Hilbert space  H  
canonically determines an embedding of pure states, from which the same is true of any
equivalent representation. It remains therefore to show the converse, which we do by showing
that any irreducible representation satisfying this condition is non-trivial and regular.

Suppose then that an irreducible representation

Q (S)ϕ : Max A →

of the spectrum  Max A  on an atomic orthocomplemented sup-lattice  S  provides an embed-
ding of the pure states of  Q (S)  in the pure states of  Max A . Observe firstly that this implies
that for each atom    the direct image    of the pure state  Q (S)  is a pure statex ∈ S Nxϕ∗ Nx ∈
of the spectrum  Max A .  Considering the direct image    of the associated maximalMxϕ∗

right-sided element  Q (S) , recall that by the proof of the theorem above    is nec-Mx ∈ Mxϕ∗

essarily the maximal right ideal associated with the pure state   . Observing that by ad-Nxϕ∗
jointness we have that

 ,Mxϕ∗ϕ∗ ≤ Mx

we assert that this is in fact an equality. For suppose that

 Mxϕ∗ϕ∗ ≤ My

for some other maximal right-sided element  Q (S) . Then, by adjointness, it follows thatMy ∈
  , and hence that  , by the maximality of  these right-sided ele-Mxϕ∗ ≤ Myϕ∗ Mxϕ∗ = Myϕ∗

ments of the spectrum  Max A . But then  , by the uniqueness of the pure stateNxϕ∗ = Nyϕ∗

containing a given maximal right ideal of  Max A . By the condition that the direct image
mapping is an embedding on pure states, it follows that   , and hence that   .Nx = Ny Mx = My

Thus,     is the unique maximal right-sided element of  Q (S)  containing the right-sidedMx

element  Q (S) . Hence, Mxϕ∗ϕ∗ ∈

 ,Mx ϕ∗ϕ∗ = Mx

since each right-sided element of  Q (S)  is the meet of the maximal right-sided elements that
contain it. 

Since this holds for each atom  , it follows that the irreducible representation is neces-x ∈ S
sarily regular. For, given distinct atoms   , we observe that    is an ele-x, y ∈ S Mxϕ∗ ∈ Max A
ment  M  of the spectrum  Max A  for which    and   . For, by the notationx ϕM = 0S y ϕM = 1S

for the action of the spectrum on the orthocomplemented sup-lattice  S ,    denotes the in-ϕM

verse image of  , hence is exactly   , and, by the definition of the maximal right-Mxϕ∗ Mx

sided element  Q (S) , one has that    and   , as required. The irreduci-Mx ∈ x Mx = 0S y Mx = 1S

ble representation

Q (S)ϕ : Max A →

is therefore regular, hence indeed a Hilbert representation, by the preceding corollary, giving
the required equivalence.   �

It may be remarked that this condition expresses exactly that pure states of the Hilbert
quantale  Q (S)  should neither be allowed to be mapped to states that are no longer pure, nor
be allowed to lose their identity by being merged with another pure state. It may be further
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remarked that Rosický has observed that an analogous characterisation may be obtained in
terms of maximal right-sided elements of the Hilbert quantale.

Before considering the consequences of these results, we note one further aspect of the
identification of irreducible representations of the C*-algebra  A  with the points of its spec-
trum  Max A , namely that the concept of a point of the spectrum nicely captures that of
equivalence between irreducible representations, in the sense that any irreducible Hilbert rep-
resentation of the spectrum of the C*-algebra  A  determines exactly those pure states of A  
that yield equivalent irreducible Hilbert representations  of the C*-algebra, to which we shall
refer as the pure states associated with the irreducible representation.

More explicitly, we have the following:

COROLLARY 8.4.  For any irreducible Hilbert representation

Q (S)ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on an atomic orthocomplemented sup-lattice S ,
the pure states of  A  that are associated with the representation are each of the form  nx   for
a unique atom   .x ∈ S

Proof.   Firstly, we assert that if  m  is any maximal right ideal of the C*-algebra  A  for which
the representation is equivalent to the canonical representation

Q (A/m)ψ : Max A →

on the Hilbert quantale  Q (A/m)  determined by the Hilbert space  A/m , then there exists an
atom    of the orthocomplemented sup-lattice  S  that induces the given equivalence ofx ∈ S
representations. In other words, any irreducible representation of the C*-algebra  A  that is
equivalent to the given representation arises canonically from within the orthocomplemented
sup-lattice  S  concerned. 

For, suppose that

P (A/m)η : → S

is the isomorphism of orthocomplemented sup-lattices that yields the equivalence of repre-
sentations, and let    denote the atom of  S  that is the image of the closed linear sub-x ∈ S
space of  A/m  generated by the unit element    of the C*-algebra  A . Then, we assert1A ∈ A
that  m  is the direct image in the spectrum  Max A  of the maximal right-sided element    Mx

of  Q (S)  determined by   . x ∈ S

Evidently, since  m  is a maximal right ideal of the C*-algebra  A , it suffices to show that  
m , which is equivalent to proving that  m  . By the definition of the maximal≤ Mxϕ∗ ϕ∗ ≤ Mx

right-sided element   , this in turn is equivalent to establishing that    for each  Mx x ϕa = 0S

m , in which    denotes the sup-preserving mapping on  S  given by applying the repre-a ∈ ϕa

sentation to the closed linear subspace of  A  generated by the element   . Denotinga ∈ A
similarly by   the sup-preserving mapping on  P (A/m)  obtained by right multiplication byψa

   on the quotient space  A/m , the condition for the equivalence of the representationsa ∈ A
yields that the diagram
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(  /  )mAP (  /  )mAP

S S

η η

aψ

ϕa

commutes, and hence, in the evident notation, that   . Observing that  〈1A〉ηϕa = 〈1A〉ψaη
  for  m , and that    implies that   , it follows that〈1A〉ψa = 〈a〉 = 0 a ∈ x = 〈1A〉η x ϕa = 〈1A〉ηϕa

 for each  m . Hence,  m  , from which equality follows by the maxi-xϕa = 0℘(A/m) a ∈ ≤ Mxϕ∗

mality of the closed right ideal  m . 

The pure state  n  determined by the maximal right ideal  m  is therefore indeed obtained
canonically from the irreducible Hilbert representation, as asserted.   �

In particular, the pure states of the spectrum  Max A  that are associated with the irreducible
representation are therefore exactly those of which the inverse image in the Hilbert quantale  
Q (S)  is proper, hence a pure state of  Q (S) . In this sense, an irreducible representation

Q (S)ϕ : Max A →

of the spectrum of the C*-algebra  A  on an atomic orthocomplemented sup-lattice  S , satisfy-
ing the equivalent characterisations established above, may be considered to determine ex-
actly an equivalence class of irreducible representations of the C*-algebra  A  on Hilbert
space in the classical sense, thereby identifying an appropriate concept of point for the Gel-
fand quantale  Max A .

9.  THE QUANTISATION OF POINTS

This paper has been concerned with identifying a concept of point that is appropriate to the
context of Gelfand quantales, which we view as a non-commutative generalisation of that of
locales, hence as abstract non-commutative spaces.  Evidently, one aspect of that programme
is ultimately to provide a satisfactory definition of exactly what should be meant by a non-
commutative topological space, in other words to identify those Gelfand quantales that are to
be considered to be spatial. The viewpoint from which we commenced was that the spectrum
Max A  of a C*-algebra  A  is indeed likely to be a, not necessarily commutative, topological
space in this sense. Moreover, that the points, in an appropriate non-commutative sense, of
that spectrum  Max A  may be expected to be the equivalence classes of irreducible represen-
tations of the C*-algebra  A  on Hilbert space.

The approach that we have taken has been to observe that the spectrum  Max A  may, even
in this non-commutative context, be constructed by taking the Lindenbaum algebra of a
propositional theory  Max A  with which we are familiar in the commutative case. In the
commutative case, the points of the spectrum  Max A , then within the context of locales, are
exactly the classical models of the theory  Max A , in the sense of the models obtained by
validation of the theory in the locale   , which is the topology of the one-point topologicalΩ
space  1 . In turn, these are exactly the maps

1Φ : → Max A

of locales from the one-point space  1  to the spectrum  Max A , represented by the inverse
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image homomorphisms

ϕ : Max A → Ω

to the locale   , which are more appropriate in this logical context. In particular, the pointsΩ
of the spectrum  Max A  coincide with the multiplicative linear functionals on the C*-algebra
A , hence, equivalently, the maximal ideals of the C*-algebra  A .

Consideration of the way in which an irreducible representation of a C*-algebra  A  on a
Hilbert space  H  gives rise to a model of the theory  Max A  of its spectrum leads to the in-
troduction of the concept of a Hilbert quantale, already met with elsewhere in providing a
quantisation of the calculus of relations. These Hilbert quantales, obtained by taking the
quantale of sup-preserving mappings on any orthocomplemented sup-lattice, provide a natu-
ral non-commutative generalisation of the locale   , in the sense that the localic reflection ofΩ
any Hilbert quantale is exactly this locale. An irreducible representation of a C*-algebra  A  
on a Hilbert space  H  has been seen to lead to a model of the theory  Max A  in the Hilbert
quantale  Q (H)  determined by the orthocomplemented sup-lattice  P (H)  of closed linear
subspaces of the Hilbert space  H , a model which may therefore be considered classical in
the sense that it is validated in this non-commutative abstraction of the locale   .Ω

Working once again with the inverse image homomorphisms, rather than the maps of Gel-
fand quantales to which we shall return presently, the concept of a classical model of the the-
ory  Max A  has therefore been abstracted to that of an irreducible representation

Q (S)ϕ : Max A →

of the spectrum  Max A  of the C*-algebra  A  on the Hilbert quantale  Q (S)  of an orthocom-
plemented sup-lattice  S , now supposed additionally, both to develop further the classical
analogy, and to allow the required characterisation to be established, to be atomic. Within this
context, the theorem that we have proved has characterised those irreducible representations 

Q (S)ϕ : Max A →

of the spectrum  Max A  of the C*-algebra  A  on atomic orthocomplemented sup-lattices  S  
that indeed correspond to equivalence classes of irreducible representations of  A  on Hilbert
space as being non-trivial and algebraically irreducible.

Placing to one side for a moment the question of non-triviality, the conclusion that we wish
to draw is that the concept of a point of a Gelfand quantale  Q  is captured by that of an alge-
braically irreducible representation

Q (S)ϕ : Q →

of the Gelfand quantale  Q  on an atomic orthocomplemented sup-lattice  S . In this view, the
place of the Hilbert quantale  Q (S)  of an atomic orthocomplemented sup-lattice  S  is seen as
that of the topology of a, now non-commutative, one-point space  1S . That this standpoint is
justified is evidenced by the observation that such a one-point space  1S  indeed has exactly a
single point:

THEOREM 9.1.  For any atomic orthocomplemented sup-lattice  S , any algebraically irreduci-
ble representation

Q (S) Q (T)ϕ : →
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of the Hilbert quantale  Q (S)  on an atomic orthocomplemented sup-lattice  T  is canonically
equivalent to the identity representation of  Q (S)  on the orthocomplemented sup-lattice  S .

Proof.   It must be shown that there exists an isomorphism

η : S → T

of orthocomplemented sup-lattices which establishes an equivalence of representations be-
tween the identity representation of the Hilbert quantale  Q (S)  on the orthocomplemented
sup-lattice  S  and the representation  

Q (S) Q (T) , ϕ : →

in other words, that for each  Q (S)  the diagramα ∈

commutes.

Observe firstly that the representation is necessarily non-trivial. In fact, any pure state of
the Hilbert quantale  Q (S)  has inverse image a proper element of the Hilbert quantale  Q (T) .
To prove this, we observe that since the image of the homomorphism

Q (S) Q (T)ϕ : →

is necessarily a Gelfand quantale, we may apply a result of Pelletier and Rosický ([14]) to ob-
serve that the homomorphism is necessarily an embedding. Hence, in particular, the inverse
image of any proper element of  Q (S)  is necessarily a proper element of  Q (T) . Thus, any
pure state of the Hilbert quantale  Q (S)  maps properly under the inverse image homomor-
phism of the representation. In particular, the representation is non-trivial.

Noting that the proof of Corollary 7.2 applies equally to the case of an irreducible
representation

Q (S) Q (T) ϕ : →

of the Hilbert quantale  Q (S)  on the atomic orthocomplemented sup-lattice  T , it follows that
each pure state of the Hilbert quantale  Q (S)  is the direct image of a pure state of the Hilbert
quantale  Q (T) . Choosing arbitrarily a pure state   , say, of the Hilbert quantale  Q (S) , weNx

may find a pure state    of the Hilbert quantale  Q (T)  of which the direct image   isNy Nyϕ∗

the pure state    of the Hilbert quantale  Q (S) . We assert that the maximal right-sided ele-Nx

ment    of  Q (T)  determined by the pure state    necessarily has direct image   My Ny Myϕ∗

given by the maximal right-sided element    determined by the pure state    of the Hil-Mx Nx

bert quantale  Q (S) . For, since    implies  , and    impliesMx ≤ Nx Mxϕ∗ ≤ Nxϕ∗ Nx ≤ Nyϕ∗

adjointly that   , we have that   . Hence, since by the irreducibility ofNxϕ∗ ≤ Ny Mxϕ∗ ≤ Ny

the representation one has that    is right-sided, we have that   , which is theMxϕ∗ Mxϕ∗ ≤ My

largest right-sided element contained in the pure state   . Hence, adjointly, we have that  Ny

S

T

η

S

T

η

α

αϕ∗
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 , from which we may deduce that the right-sided (by irreducibility) element  Mx ≤ Myϕ∗

  of the Hilbert quantale  Q (T)  satisfies   . By the maximalityMyϕ∗ Mx ≤ Myϕ∗ ≤ Nyϕ∗ = Nx

of the right-sided element    within the pure state    it follows that   , asMx Nx Mx = Myϕ∗

asserted.

Now, applying exactly the reasoning used in establishing the corresponding isomorphism
of orthocomplemented sup-lattices needed to characterise those irreducible representations of
the spectrum of a C*-algebra that are equivalent to representations on Hilbert space, it may be
proved that the mapping

↑ Mx → ↑ My

obtained by assigning to each    the element    is an isomorphism ofα ≥ Mx αϕ∗ ∨ My ≥ My

orthocomplemented sup-lattices. That the arguments used in that situation apply also in the
present case may be seen by verifying that they depend only on the observation that the spec-
trum is a Gelfand quantale in which:

a) any proper right-sided element is contained in a pure state;

b) any pure state  n  canonically determines an orthocomplement by writing

 n .M ⊥ N if, and only if, M & N∗ ≤

It is straightforward to observe that these conditions are satisfied equally in the Hilbert quan-
tale  Q (S) , from which the required result follows.

Observing that there exist canonical isomorphisms, again of orthocomplemented
sup-lattices,

  ,S → ↑ Mx and ↑ My → T

defined respectively by mapping    to   , and    to   , wes ∈ S κs ∨ Mx ∈↑ Mx β ∈↑ My yβ ∈ T
may now define an isomorphism

η : S → T

of orthocomplemented sup-lattices by composition of these isomorphisms with the
isomorphism

↑ Mx → ↑ My

defined above. Noting that    implies adjointly that   , this isomor-Mx ≤ Myϕ∗ Mxϕ∗ ≤ My

phism may be verified straightforwardly to map    to the element   .s ∈ S y(κsϕ∗) ∈ T

To prove that for any  Q (S)  the diagramα ∈

commutes, observe that any    maps respectively to    and then  , ands ∈ S sα ∈ S y(κsαϕ∗) ∈ T
to    and then   . But  y(κsϕ∗) ∈ T (y(κsϕ∗))(αϕ∗) (y(κsϕ∗))(αϕ∗) = y(κsϕ∗&αϕ∗) =

S

T

η

S

T

η

α

αϕ∗
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 . However, recalling that, for any   , the left-sided element  Q (S)  isy((κs&α)ϕ∗) s ∈ S κs ∈
defined by

pκs =




s unless
0S p = 0S

for any   , it follows thatp ∈ S

p(κs & α) =




sα unless
0S p = 0S

for any   , and hence that    is exactly   . Hence,  , givingp ∈ S κs&α κsα (κs&α)ϕ∗ = κsαϕ∗

that   , as required. In particular, the algebraically irreducibley(κs&α)ϕ∗ = y(κsαϕ∗)
representation

Q (S) Q (T)ϕ : →

of the Hilbert quantale  Q (S)  on the orthocomplemented sup-lattice  T  is therefore equiva-
lent to the identity representation of  Q (S)  on the orthocomplemented sup-lattice  S .

Finally, it may be remarked that the equivalence thereby established is actually canonical,
in the sense that the isomorphism

η : S → T

defined above is independent of the particular pure state of  Q (S)  chosen mapping properly
into the Hilbert quantale  Q (T) . Explicitly, the element    to which an element  y(κsϕ∗) ∈ T

  is mapped is independent of the particular atom    corresponding to the pure states ∈ S y ∈ T
Q (T) , since the left-sided element    of  Q (S)  is necessarily mapped by the inverseNy ∈ κs

image homomorphism    of the irreducible representation to a left-sided element    of theϕ∗ κ t

Hilbert quantale  Q (T) . Since the atom    is, of course, non-zero, we have that  y ∈ T y(κsϕ∗)
is then exactly this element   . Hence, the isomorphismt ∈ T

η : S → T

is the mapping uniquely determined by requiring that

κsϕ∗ = κsη

for each   , so depends only on the algebraically irreducible representations ∈ S

Q (S) Q (T)  .ϕ : →

The representation is therefore naturally equivalent to the identity representation of  Q (S)  on
the atomic orthocomplemented sup-lattice  S .     �

It may be remarked immediately that the theorem ceases to be valid in the case that alge-
braic irreducibility is weakened to irreducibility. Indeed, the locale    obtained by taking theΩ
Hilbert quantale  Q (2)  of the two-chain  2 , hence the topology of the classical one-point
space  1 , admits a unique irreducible representation

Q (T)Ω →

on any non-zero atomic orthocomplemented sup-lattice  T . In accordance with the above
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theorem, this representation is algebraically irreducible exactly in the case that  T  is itself a
two-chain. Moreover, it may be observed that the theorem may be sharpened into a necessary
and sufficient condition by the following:

COROLLARY 9.2.  An irreducible representation

Q (S) Q (T)ϕ : →

of the Hilbert quantale  Q (S)  of an atomic orthocomplemented sup-lattice  S  on an atomic
orthocomplemented sup-lattice  T  is equivalent to the identity representation on the or-
thocomplemented sup-lattice  S  if, and only if, the representation is algebraically irreducible.

Proof.  The converse of the assertion of the theorem is obtained by observing that the identity
representation on  S , hence any representation equivalent to it, is necessarily algebraically
irreducible, since, for any atoms   , the sup-preserving mapping  Q (S)  definedx, y ∈ S κy ∈
by

s κy =




y unless
0S s = 0S

for each    maps    to  .   �s ∈ S x ∈ S y ∈ S

It is therefore evident that the consideration of algebraically irreducible representations is
intrinsic to the concept of point and of one-point space. With these observations in mind, we
make the following:

DEFINITION.  By a point of a Gelfand quantale  Q  will be meant a map

 : 1S Φ → Q

of Gelfand quantales from the Hilbert quantale  1S  of an atomic orthocomplemented sup-
lattice  S  to the quantale  Q , of which the inverse image homomorphism is an algebraically
irreducible representation of the Gelfand quantale  Q  on the atomic orthocomplemented sup-
lattice  S .

Recalling that the orthocomplemented sup-lattice  P (H)  of closed linear subspaces of a
Hilbert space  H  is necessarily atomic, the theorem characterising the irreducible representa-
tions of a C*-algebra  A  that are Hilbert may be interpreted as showing that a necessary and
sufficient condition for an algebraically irreducible representation

Q (S)ϕ : Max A →

of the spectrum  Max A  on an atomic orthocomplemented sup-lattice  S  to be Hilbert is that
the representation is non-trivial. Having in mind the expectation that the points of the spec-
trum  Max A  of a C*-algebra  A  indeed correspond to the equivalence classes of irreducible
representations of  A  on Hilbert space, we are led to formulate the following:

CONJECTURE.   Any algebraically irreducible representation
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Q (S)ϕ : Max A →

of the spectrum  Max A  of a C*-algebra  A  on an atomic orthocomplemented sup-lattice  S  
is necessarily non-trivial.

Provided that the conjecture can be proved, possibly by considering more carefully the con-
cept of regularity or complete regularity satisfied by the Gelfand quantale  Max A  determined
by any C*-algebra  A , then one may have some confidence that the quantisation of the notion
of point that we have sought to determine complies with at least some of the natural con-
straints that may be required. 

Most important of these, since it has been our motivating example in the quantised case, is
indeed that in the case of the spectrum of a C*-algebra  A  it yields equivalence classes of ir-
reducible representations of  A  in the classical sense. But, equally importantly, this quantised
requirement has been met with a concept of point that coincides in the case of a locale L ,
considered as a Gelfand quantale with respect to the involution given by the identity map-
ping, with the classical definition of a point as a homomorphism 

ϕ : L → Ω

of locales from the locale  L  to the locale   , given by the two-chain, that is the topology ofΩ
the classical one-point topological space  1 . That is, the definition of point in the quantised
situation is indeed an extension of the classical description from the category of locales to the
category of Gelfand quantales within which it is canonically embedded as a full subcategory.

Explicitly, that this is indeed the case is because, in the case of a locale  L , any irreducible
representation 

Q (S)ϕ : L →

on an atomic orthocomplemented sup-lattice necessarily maps each element of  L  into a two-
sided element of  Q (S) , since each element of  L  is both left- and right-sided. However, the
locale  I(Q (S))  of two-sided elements of any Hilbert quantale  Q (S)  consists of exactly two
elements, the zero and the top elements of the quantale  Q (S) , hence each element    isa ∈ L
mapped by the representation either into  0

Q (S)  or into  1
Q (S). Choosing any atom    of thex ∈ S

atomic orthocomplemented sup-lattice  S , observe that by the algebraic irreducibility of the
representation there exists, in particular, an element    for whicha ∈ L

 .x ϕa = x

Evidently, this is not the case in the event that    is the zero element of  Q (S) . Hence, itϕa

must be the case that    is the top element  1
Q (S) Q (S) . However, noting that the atom  ϕa ∈

  is necessarily non-zero, it follows that   , and hence   itself, is necessarilyx ∈ S x ϕa ∈ S x ∈ S
the top element   . The atomic orthocomplemented sup-lattice  S  is therefore exactly1S ∈ S
the two-chain. In particular, the sup-lattice  S  is then the topology    of the classical one-Ω
point topological space  1 , and the Hilbert quantale  Q (S)  is canonically isomorphic to   ,Ω
as asserted. In other words, the points of a locale canonically considered as a Gelfand quan-
tale are exactly its points in the classical sense.

To conclude, the ideas which have emerged throughout this investigation of the concept of
point may be seen to relate closely to those introduced, perhaps on a more ad hoc basis, by
Rosický. Recalling that the irreducible representations
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Q (S)ϕ : Max A →

on orthocomplemented sup-lattices are exactly those that restrict to a homomorphism of
right-sided elements, we observe that the right side of any Gelfand quantale is a quantum
frame in the sense ([15]) of Rosický. Indeed this, together with the need for a functorial de-
scription of the spectrum of a C*-algebra, was the motivation for the introduction of Gelfand
quantales. Moreover, any orthocomplemented sup-lattice  S  may, as observed ([15]) by
Rosický, be considered canonically a quantum frame, in which the product of the underlying
quantale is given by that defined right-trivially, which is to say by

 .s&t = 



s unless
0S t = 0S

Indeed, the results that have been established above may be considered to place the insightful
observations of Rosický in an intrinsically more natural context. The conjecture that is left to
be decided requires that this work be extended to include an examination of the concept of
regularity to the context of Gelfand quantales, in the expectation that its proof depends on a
more carefully evolved description of the regularity enjoyed by the spectrum   Max  A  of a
non-commutative C*-algebra  A .

Finally, there is a model-theoretic point to which we should return. In motivating the defi-
nition of the points of the spectrum  Max A  of a C*-algebra  A , we have observed that the
quantale  Max A  may be described in terms of a propositional theory  Max A  that is to be
interpreted within a quantal logic. In particular, the concept of point emerged as a specialisa-
tion of the notion of a model of that theory, namely as an involutive homomorphism from the
Lindenbaum algebra of the theory into a Gelfand quantale of the particular form  Q (S) . In
the light of the view now taken of these Hilbert quantales determined by atomic orthocomple-
mented sup-lattices, as representing the quantised counterpart  1S  of the one-point topological
space  1 , hence a multiplicative version of a quantum logic, it is interesting to revisit the con-
cept of model determined in these cases. In the case of the homomorphism

Q (S)ϕ : Max A →

determining a point of the spectrum  Max A , the corresponding model of the theory  Max A  
assigns to each primitive proposition    of the theory a sup-preserving mappinga ∈ P

  .[[ a ∈ P ]] : S → S

The interpretation that may be proposed of this assignment is that this truth value corresponds
to the action of this proposition on the atomic orthocomplemented sup-lattice  S  that is in-
duced by presenting the proposition, in some sense. In the case that the sup-lattice is indeed
atomic, this action is, of course, completely determined by its effect on the atoms of the sup-
lattice, which we shall refer to as its states. Recalling the convention by which we write the
action of such a sup-preserving mapping to the right of the state to which it is applied, we
note that the truth value of the proposition

  ,a ∈ P & b ∈ P

for instance, is represented by the action on states of first presenting the proposition   ,a ∈ P
and then the proposition   . Similarly, the truth value of the disjunction    ofb ∈ P ai ∈ P
propositions    is represented by the action on states which assigns to a state what mayai ∈ P
be considered the subspace of the state space  S  spanned by the states obtained by presenting
the propositions individually.
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In this context, it is perhaps interesting to recall that the language within which the theory
is described involves adjoining a proposition

 a ∈ P∗

for each primitive proposition

a ∈ P

determined by an element    of the C*-algebra  A . Indeed, to any proposition of the the-a ∈ A
ory an adjoint proposition is associated in this way. The axiomatisation of  Max A  then re-
quires that the adjoint of this primitive proposition is provably equivalent to the proposition

a∗ ∈ P

determined by the involute    of the element   . The interpretation of this adjointa∗ ∈ A a ∈ A
proposition    is by the involute in the Hilbert quantale  Q (S)  of the interpretation ofa ∈ P∗

the primitive proposition   . In that the interpretation of the proposition    repre-a ∈ P a ∈ P
sents the action on states of the presentation of this proposition to the quantised system, that
of    represents that of its presentation in reversed time. In terms of the interpretationa ∈ P∗

discussed above, the sup-preserving mapping

[[ a ∈ P ]] ∗ : S → S

assigned to the involute of the proposition    is therefore the adjoint of that assigned to  a ∈ P
 . It is interesting in this context to note that, from the definition of the involution in thea ∈ P

Hilbert quantale  Q (S) , the action of this adjoint on elements of the orthocomplemented sup-
lattice  S  is related to that of the sup-preserving mapping

[[ a ∈ P ]] : S → S

by the condition that

    if, and only if,    s [[ a ∈ P ]] ∗ ⊥ t s ⊥ t [[ a ∈ P ]]

for all   .s, t ∈ S

In other words, the models obtained in this way are extremely reminiscent of interpreta-
tions of the propositions considered in laying the foundations of quantum mechanics [7]. Evi-
dently, this is no surprise in the case of this particular theory, since C*-algebras are closely
linked with quantum mechanics. However, it points a particular way forward as far as classi-
cal models of theories within quantal logic are concerned which may not initially have been
anticipated. The conclusion has to be that, at least in these classical models, the interpretation
of a proposition is by its action on the states of the system within which the theory is
interpreted.
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