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Abstract. The author considers the semilinear elliptic equation
(=A)"u = g(z,u),

subject to Dirichlet boundary conditions v = Du = --- = D™ 1y = 0, on a
bounded domain © C R?™. The notion of nonlinearity of critical growth for this
problem is introduced. It turns out that the critical growth rate is of exponential
type and the problem is closely related to the Trudinger embedding and Moser type
inequalities. The main result is the existence of non trivial weak solutions to the
problem.

1. Introduction. Consider the following problem

—Au = g(x,u) in Q C R",
{2 (P)
u=20 on 0f2.
In (P), Q@ C R"™ indicates an open bounded set with sufficiently regular
boundary, n > 2, A stands for the Laplace operator and g: 2 xR — R is a
function which satisfies some regularity and growth conditions.
An important and widely studied example for problem (P) is the following
‘model problem’
—Au=|uf " u in Q C R,
{ o
u=20 on 0f2,
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where p > 1.

Suppose that n > 3. It is well known that if 1 < p < (n+2)/(n — 2)
then problem (M) admits infinitely many solutions which can be obtained
as critical points of the energy functional

1 1
Ty = /Q Vul? de — W/Qyuyp“ da.

defined on the Sobolev space Hi(2). Indeed, J is an even and continuously

(Fréchet) differentiable functional and, in view of the Sobolev embedding
comp

H}(Q) =" LP1(Q), satisfies the global Palais-Smale condition. This leads,
via the Ljusternik-Schnirelman theory, to the existence of infinitely many
solutions (see [16] for a detailed exposition).

If p > (n+2)/(n—2), then problem (M), generally, does not admit
any non trivial solution. (Notice that H{ () ar LPTL(Q) is false.) This
fundamental result has been proved by Pohozaev [13]. The real number
p* = (n+2)/(n—2) is called the critical exponent for problem (M) and we
say that the nonlinearity

7 = e

has critical growth for problem (M).
Let us turn to problem (P) with n > 3. The associated energy functional
is given by

J(u) = / % \Vu|® — G(z,u) dz,
Q

where G(x,t) = fg g(x,s)ds. We say that the nonlinearity g has critical
growth (briefly g is critical) if it satisfies

inf t t
0 < liminf 2eee 9@ Ol o SWPseald@ Ol g
el e

We say also that g has subcritical growth if it satisfies

su xz,t
lim sup MN =0. (2)
t—o00 ’t’p
The motivation for the above definition is due to the fact that the energy
functional (with some additional assumptions on g) does satisfies the global
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Palais-Smale condition in the subcritical case but it does not in the critical
case. In the latter case, existence and non existence of solutions relies on
the ‘lower order terms’ that appear in the nonlinearity. See for example [4],
for a treatment of this question.

Suppose now that n = 2. It is well known that H(Q) ‘o LP+(Q),
hence (M) admits infinitely many solutions, for every p > 1. By analogy
with the case n > 3 we may ask: “Are there any critical growth functions ¢
(in some appropriate sense) for problem (P) in the case n = 27”

The answer is positive and is closely related to the Trudinger-Moser in-
equality (see [1, 12, 17]). This inequality is the n = 2 analog of the Sobolev
inequality for n > 3. Recent contributions in this direction have been ob-
tained by Adimurthi [3], de Figueiredo and Ruf [5], McLeod and McLeod
[11]. The “criticality” of the critical growth functions is seen by the follow-
ing fact: among critical growth functions there are some for which a non
trivial solution for problem (P) exists and others for which there are no such
solutions.

One may ask what happens if polyharmonic operators are considered
instead of Laplace operator. For instance, consider the following problem
(—A)"u = g(x,u) in Q C R",

{ - (D)
u=Du=---=D u=0 on 0f).

Here  is a bounded open subset of R” regular enough (say of class C™~19),
n>2m>1landg: QxR —R.

Many authors have studied problem (D,,), specially in the case of the
biharmonic operator A2. See for example, in [7, 8, 9, 14], where the authors
treat problem (D,,), in the case 2m < n. In [14] the authors discovered
unexpected features of polyharmonic operators which show that the behavior
of these operators cannot be foreseen completely from the behavior of the
Laplacian. It is worthy of notice that generally, polyharmonic operators
(=A)™ with Dirichlet boundary conditions do not satisfy the maximum
principle if m > 2 e.g., if E is an ellipse with a sufficiently large eccentricity
there exists a changing sign function u for which A%y > 0 on E and u =
Du =0 on OF (see [8]).

Let 2m < n. If we consider |ul” ~!4 as the second member of the first
equation in (D,,), the critical exponent is seen to be the number p# =
(n+2m)/(n —2m). In other words, if we introduce an adequate notion of
critical growth function (like (1)), then there are functions of critical growth
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for which a non trivial solution exists and others for which there exist no
non trivial solutions for problem (D,,) (see [14]).

Consider now 2m = n. From the Trudinger embedding theorem (see The-
orem 2), it is natural to expect that the critical growth functions are, roughly
speaking, the nonlinearities g(z,t) that behave like exp(t?) at infinity. For
the case of the Laplace operator (that is m = 1 and n = 2), the answer has
been given in [5] as we mentioned previously.

In this paper, we provide an existence result for problem (D,,), with
2m = n, and g of critical growth. It is still an open problem to find an
example of a smooth critical growth function g for which there exist no non
trivial solution in the case m > 2. This open problem constitutes part of the
author’s research at the moment.

The paper is organized as follows:

In Section 2, we introduce the problem and give the definition of critical
growth functions. We state the main result (Theorem 1) which gives the ex-
istence of one non trivial weak solution for problem (D,,) where g has critical
growth and satisfies some additional conditions related to its behavior near
0 and near co. We sketch also the leading idea for the proof of Theorem 1.

In Section 3 we give the lemmata needed for the proof of Theorem 1. This
section has been divided into four logical subsections: subsection 3.1 states
some known results (Trudinger embedding theorem, Moser-Adams inequal-
ity and a result of P.-L. Lions); in subsection 3.2 we describe some properties
of functionals and sets that are introduced in Section 2; in subsection 3.3
we introduce a special class of functions called the Adams functions and use
such functions to prove a useful estimate (Lemma 6); the last subsection 3.4
consists of a compactness result.

Finally, in Section 4 we give the proof of Theorem 1.

2. Position of the problem.

2.1. The main result. Consider problem (D,,), with 2m = n. We say
that a function g € C*(Q2 x R) has critical growth for problem (D,,) if there
exist K1 >0,7€[0,1), and h: Q x R — R such that, for any ¢t > 0, z € Q:

9(2,0) =0, g(z,t)>0, g(x,~t)=—g(x,1); (G1)
g (et) = ety > 100, (@)

G(xvt) < Kl(l—l_g(xvt)t’y% (GS)
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here G stands for the primitive of g given by
t
G(z,t) = / g(z,T)dT;
0

and there exists b > 0, such that, for all e > 0

tlim sup g(z,t) exp ((—b—e)t*) = 0, (Ga)

X zeQ

tlim inf g(z,t)exp ((—b + ¢)t?) = oo. (Gs)

— 0 )

We shall make use of the function i : 2 x R — R, given by
g(x,t) = h(z,t) exp(bt?).

Some examples of functions with critical growth for (D,,,) are given by:

sgn(t) (exp(bt®) — 1); b > 0,
d
h(z,t)exp(bt®); b> 0, h(z,t) = > co(2) [t t, ¢ € CL(Q), d > 1

r=1
sgn(t)(exp(a[t|*) — 1) exp(bt?); 0 < a, 0 < o < 2.
Recall that a function u € H{*(Q2) is a weak solution of problem (D,,) if
g(x,u) € H-™(2) and (V"u,V™0) = (g(z,u),v), for all v € HJ"(£2),
3)

where (u,v) is the usual L?(2) inner product and (-, -) is the canonical map
for the duality (H~™(92); Hy*(€2)). Observe that, in H§*(2), the semi norm

|lul| := v/ (V™u, Vmu)

is a norm that agrees with the usual norm

Z Co(D*u, D*u),

loe|=m

where C, := m!/a!
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Introduce the following notations:

Bo = m!(4m)™, As=inf {[lul® : we HP(Q), [ul} =1},
ho(t) := inf h(x,t), Hy :=sup ho(t)t,
e t>0
—Bo__ - if Hy < o0
Ro = supdist(z,dQ), kg =< nfaHo’ 0 ’
O, if HO = OQ.

We shall refer to 3y as the Moser-Adams constant (see Theorem 3).

Theorem 1.. Suppose that
g(a,t) = h(z,t) exp(bt®)
is a function with critical growth for problem (D,,). If g satisfies

sup ¢'(z,0) < A, H,
€N

and
Ko < b. H>

then there exists a nontrivial weak solution for problem (D,,).

Observe that the assumption (Hs) holds if Hy = co. In the case Hy < 0o,
instead this condition means that Hy > cb~!, where c is a constant which
depends only on €2 and b and tends to infinity as diamf2 tends to zero. Note
that in the example of non existence, given in [5], assumption (Hy) does not

hold.

2.2. The variational method. Throughout the rest of the paper, we
shall suppose that 2m = n and that g(z,t) = h(z,t)exp(bt?) is a critical
growth function for problem (D,,).

Put
T =3 ul® = | G,
F@)—MW—/ﬁmmmm, I(u) = J(u) — = F(u),

Q 2
S:={ue H'(?): u#0, F(u) =0}, s:= \/@
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Using the Trudinger embedding theorem (see 3.1), one can show that for
every i > 0, the Nemickif operator

u € HJN Q) — g(x,u) u* € L*(Q)

is continuous, that F' and I are continuous functionals on H{"(2), and that
J is a continuously Fréchet-differentiable functional whose derivative is given
by

(J'(u),v) = /vauvmv — g(z,u)vdx. (4)

Problem (D,,,) has a variational structure; indeed (3) is the Euler-Lagrange
equation of the functional

T(u) = /Q % V™ ul? — G, u) de (5)

which is well defined on the space H{"({2). Suppose that u € HJ*(Q2) is a
weak solution of problem (D,,), by letting v = u in (3) one obtains

F(w) = ul® = | gla.uuds o (6
Thus any non trivial solution of problem (D,,) belongs to the constraint
S:={ve H"(Q)\{0}: F(v)=0}.

The method we shall adopt in solving the problem consists first in the mini-
mization of the functional J on the constraint S, that is to find u* € S such
that

. . X

5reng(v) = IgléglJ(U) = J(u").
We show, then, that u* is actually a critical point for J.

The main difficulty in the variational approach to the critical growth prob-
lem is the lack of compactness, precisely the global Palais-Smale condition
does not hold. Eventually some partial Palais-Smale condition still holds un-
der a given level. Since the use of the Palais-Smale condition is not explicit
in the proof of Theorem 1, we did not mention it there. Nevertheless, for the
sake of completeness, we have included in Section 3.4 a discussion about this
condition and its important relationship with the Moser-Adams constant (g
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(see Theorem 4). The reader which is interested only in skimming this paper
can omit the technicalities of the proof of Theorem 4.

3. Preliminary results.

3.1. Trudinger embedding and Moser-Adams inequality. The
following result known as the Trudinger embedding theorem; actually this
is a more general version of Trudinger’s.

Theorem 2. (Pohozaev-Trudinger-Strichartz). Let 2 be a bounded
domain in R™. Let 1 < p < oo and m € NT be such that mp = n and
O(t) = exp(t™/(»=™)) — 1. Then

Wo" () — Eg(Q), (7)
for every N-function ® which is dominated by © at infinity.

(E3(Q) is a particular closed subset of the wider Orlicz space Lg(2)
relative to ® and €2, see [adamsobolev| for the details.) A proof of the
previous theorem can be found in several works, we mention [1, 2, 6, 15,
17]..

Trudinger embedding theorem relies on an estimate known as Trudinger’s
inequality. Moser [12] gave a sharp form of this estimate in the case m = 1,
n > 1. Adams [1] extended Moser inequality for the general case 0 < m < n.

Theorem 3. (Moser-Adams inequality, [1]). Let Q be a bounded do-
main in R™ and n, m € N such that 0 < m < n. Let p=n/m and

RN i is odd

Bo = Bo(m,n) :=

= 7] nom if m is even.
On l—x(n—?n)

Then there exists a constant ¢y = co(m,n) > 0 such that:

(a) If B < Bo and u € C*(Q) with |[V™ul|, < 1,

/Qexp (Blu(@)”) de < o0 (8)

(b) If B > Bo, then for all C > 0 there exists a function u = uc €
CH(R™) with [[V™ull, <1 and such that

/Qexp (ﬁ ]u(:v)\p,> dx > C.
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The proof of the second part of the previous result, in [1], is based on an
asymptotic estimate of the (m, p)-conductor capacity. In the sequel we shall
be concerned with this estimate in the construction of what will be referred
to as Adams functions.

To conclude this paragraph, we mention the following

Lemma 1. Letu € H"(Q2)\{0} and {ur}r a sequence in HJ*(Q2) such that
lug|| = 1, for all k > 1,

Up—U, Up — U a.e. on ).

Then, for every p < p:= (1—||u|®)~", the sequence {exp(Boux?)} is bounded
in LP(Q).

This lemma is a straightforward generalization of P.-L. Lions result [10]
which deals with the case m = 1 and n = 2. Note that Trudinger embed-
ding H'(Q) — Eo(Q), where O(t) = exp(t?) — 1, is not compact (see [10]
for example). Lemma 1 states that Moser-Adams’ constant, By, can be im-
proved for sequences that keep ‘far enough’ from zero in the weak topology
of H"(Q).

3.2. The functionals and the constraint. It is easy to check that if g
is a function with critical growth and p > 1, then |g|” ~1 g is also a function
with critical growth. In the sequel we shall make a wide use of the following
fact:

Let g(x,t) = h(x,t) exp(bt?) be a function with critical growth. Then, for
every € > 0,there exists Cy(e,b) > 0 such that

l9(2,8)] < Co(e, b)exp ((b+¢) [t]*)), for t € R. (9)
This is due to (G4) and the continuity of A.

Lemma 2. Suppose that g : Q x R — R is a function of critical growth.
The following holds:

(i) Ifue HJ* (), then g(x,u) € L™(Q2) for all r € [1,00).
(ii) Bop/b = sup {02 L SUD|y =1 Jo (7, cw)w dr < oo}.
(iii) If {uw}, {ve} C HF(Q) and

ur—u, UV—,

up — u, Vg — v, a.e on§l,

lim sup ||u/z€||2 < Bo/b,
k—o0
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then, for every integer £ > 1,

Up—U,

up — u a.e. on €2,

Sup/ g, ug)uy < oo,
K Jo

then, for all T € [0,1),

hm/ x, |ug)) Jur|” da:—/ g(z,|u|) |ul" dz, (10)
lim | G(x,ug) dl’—/G:L”LL (11)
k—oo Q

(v) For alluw € H(Q)\0, I(u) > 0, I(0) = 0; moreover there exists a
constant My > 0, independent of u, such that

/Qg(x,u)udx < Mi(1+ I(w)). (12)

Proof. Let g > 0. From (9) we get
lg(z,t)| < Co(eo,b) exp((b+ e0)t?), far all (z,t) € Q x R.

From Theorem 2 it follows that, for all » > 0, we have

/ lg(z,u)|" dzx < [Co(ao,b)]T/ exp (r(b+ eo)u?) da < oo,
Q Q

Thus (i) is proved.
From (9) it follows that, for all £ > 0,

|h(z,t) exp(bt®)t| < Co(&,b) exp((b+ &)t*)C(&) exp(&t?),
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where C/(¢) = (28e)~1/2. i
Given € > 0, put € := be/2 and C1(g) = C(£)Cy(E,b). With these nota-
tions we obtain
g(z, )t = |g(x, t)t] < C1(e) exp(b(1 + €)t?), for all t € R. (13)
On the other hand, for every € > 0, there exists Cy(g) > 0 such that
Ca(e) exp(b(1 — &)t?) < g(z,t)t, for |t| > 1. (14)
Indeed, (Gs) implies that, for € > 0 fixed, there exists t. > 0 such that
h(z,t) exp((e/b)t?) > inf h(z,t) exp((e/b)t?) > 1, for all t > t..
Put
min (1,inf,_,_, h(z,t)exp((e/b)t?)) >0 ift. > 1,
1 ' ift. <1,
in view of (G1), we obtain
gz, )t = gl [t) [t] > g(z, |t]) = h(z, [t]) exp(bt?) > Ca(e) exp(b(1 — e)t?),

for |t| > 1.
Suppose now that ¢ > 0 is such that

sup /g(:c,cw)wdw<oo.
lwl<1/Q

From(14) it follows that for every € > 0,

Cy(e) sup /Qexp(b(l —e)fw?) < .

[wll<1
In view of Theorem 3 we get
b(1 —¢)c? < By, for all € > 0.

That is ¢ < 3y/b.
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Conversely, suppose that ¢? < 3y/b. Let 0 < g9 < By/bc®> — 1, then (13)
and Theorem 3 imply that

sup / oo, cwywdr < B qup / exp(b(1 + £0)Pw?)
lwl|<1J0 C  w|<i1Ja
< 01(50) sup /exp(ﬁow2) < 00,
¢ wl<t/a

This proves (ii).
In order to prove (iii), observe first that if w, z € Hj*(2) then

(g9(z, w)/w)2* € L'(Q).
This follows from (Gs), the Sobolev embedding Hy'(2) — L%'(Q) and

Hélder inequality. Now, from the assumptions we have limsup,, . _ |lux||* <
Bo/b. Hence there exist ¢ > 0, ¢ > 0 and p > 1 such that

liinsup lugll® < ¢2 < Bo/(bp+€) < Bo/b.

It follows that, for some sufficiently large kg € N,
|lukll < ¢, for all k > k.

The function |g|” has critical growth for (D,,,). Thus there exists Cy(e, bp) >
0 such that

l9(a, )" = |g” (2, [t])] < Co(e, bp) exp((bp + €)t?).

Theorem 3 implies that

sup / lg(z, ug)|” dz < Co(e, bp) sup / exp ((bp + S)CQ(E)2) dx < oo.
0 Q ¢

k>ko lwll<¢

Put ¢ := SUPg> 1 fQ lg(z, ug)|? dx.
On the other hand since vy, — v in HJ*(2), by Rellich-Kondrasov we have

vi — vt in Lp/(Q) for all £ € N.
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(Here p’ =p/(p—1).) Put ¢ = SUPg>1 Hvﬁ
Fixing N > 0, in view of Holder inequality, we get

P
p'’

/ Mvﬁdxgﬁ, for all £k > 1.
lupl|>N Uk N

Hence

/Mvﬁd$:/¢N7kdx+O(1/N), for all k > 1,
O Uk; Q

where
o) = (9(z, up(2)) fur (@) )i (2) Ly < (2).

(14 indicates the characteristic function of the set A.)
Observe that pn 1 — @n, almost everywhere on €2, where ¢y is any
function such that

g(x, u(z)
u()

From dominated convergence first (k — oo) and monotone convergence sec-
ond (N — o0), it follows that

lim g(:E’uk)vﬁdx:/ Mvzalm.
k—oo Jo Uk Q u

g(, u(z))

0(2) Lyen < on(z) <

We prove now (iv). Let K := sup, [, g(#,ux)ur dx. Using the same
arguments as the one used in the proof of (iii), we can cut off at an arbitrary
level N > 0:

1 K
T, |u up|” dr < —— z,|u u| de < .
[ ot e ol < g [ gt e <

We get
/ o(a, [u]) fug|” do = / oxu(z) dz + O(1/N),
Q Q

where ¢ 1 is given by

PN,k = 9(z, |ul) \Uk‘T 1|uk|§N-
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We can then conclude as above, that is that

lim / o, ful) lux]” dz = / oz, [ul) [l da,
k— o0 Q Q

as long as g(z, |u]) |u|” is integrable on €. The latter is easily shown to be
satisfied, indeed from Fatou Lemma (G1) we obtain

/Q gl lul) [ul” < /|| n /ng(as, ful) [u"| da
< [ sl + [ gtafu) do

Slimkinf/gg(w,m\)lwcl da + |lg(z, [u))l;

< oQ.

This proves (10). In order to complete the proof of (iv), it is enough to
observe that (Gs), (10) and the dominated convergence imply that

lim [ G(x,u) dx:/G(x,u) dx.

That is (11).
Finally, let us show (v). Let p: Q x R — R be defined as

p(x,t) = %g(m, t)t — G(z,t).

Then

From of (Gz) we have that for all ¢ > 0,

gf(x’t) = %[g/(asjt)t —g(z,t)] > 0.

Since g(x,0) = 0, g(z,t)t and G(x,t) are even functions with respect to ¢
(for all z € Q), we get

p(x,t) >0, if |t/ > 0 and p(z,0) =0, for all z € Q.
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Henceforth I is positive on HJ*(2) \ {0} and I(0) = 0.
Next, since v < 1 in (Gg), there exists ¢ty > 0 such that

2K (1 + g(x,t)t”) < —g(z,t)t, for all t > t.

| =

Put C3 := |Q| max (0, —inf o [g(z, t)t — 2K, (1 +g(m,t)t7)]), we obtain
0<t<to

2I(u) = /Qg(w, w)u — 2G(z,u) dx
> /Qg(m,u)u — 2K (14 g(=, |ul) [u]") d

1
> Cs + / g(z,u)udz.
|u|>to

Hence

/ r,u)udr = / / (x,u)udz
|u|<to \u|>to

<|9Q| sup g(a, )t +4I(u) — 205 < My(1+ I(u)),

z€Q
0<t<to

with M; > 0 independent from w.

Lemma 3. Suppose that g is a function of critical growth for which (Hy)
holds. Then

(i) The constraint S is a closed set in H" () with the norm topology.
(ii) For all w € HJ*(2) \ {0}, there exists one and only one X > 0 such
that Au € S.
(iii) If F(u) >0, then A < 1.
(V) S = {ue HP(Q)\ {0} : J(u) = supyez JO)}
(v) inf{J(u): we S} >0.

Proof. From the continuity of F, F~1{0} is closed in HJ*(Q2). Suppose
by contradiction, that S = F~1{0} \ {0} is not closed. Then there exists a
sequence {ug} C S such that uy — 0 in HJ*(2). Define vy := ui/ ||ug||. The

comp

sequence {vy} is bounded. Since H{J*(?) is a Hilbert space and Hj*(2) —
L (), without loss of generality we may assume that vy—wv in HJ*(Q) and
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v — v a.e. on . From (iii) in Lemma 2 and the fact that uj € S it follows
that

) d
—00 JO

fim 00 g || up K

(15)
— / g’(x,0)1)2 dr < A Hng < likminf ||fu;€||2 <1,
Q o0

a contradiction. Hence S is a closed set in H{*(2) with respect to the norm
topology and (i) is proved.
Next, we show (ii). Fix u € Hj*(2)\{0} and define the function ¢ : R — R

- [ Hhateuuds, AR (0}
¢( ) T { fQ g/(x,O)U2 d.%', if A =0.

Notice that v is continuous on R. (The non trivial fact is the continuity at
0: if we consider the sequences {uy} and {vy}, where vy = v and ux = A\yu
with A\ — 0, an application of (iii) in Lemma 2 gives

A—0

lim ()\) = /Qg’(x,o)u2 dx = (0).

This the continuity at 0.)
From (H;) we have

$(0) < Alully < [lull®. (16)

On the other hand there exists eg > 0 such that Ey := {z € Q: |u(z)| > &}
is a set of positive measure. From (14), we get for any A > 1/¢,

1 1 b
P(N) > 3 /E g(x, \u)udx > X Cyexp (5)\2 |u® ) dx
0

S Cs exp(5e2A?) | Eo|
- A

Ey

Thus
)\lim P(A) = o0. (17)

By a continuity argument, from (16) and (17) it follows that there exists
Ao > 0 such that (A\g) = ||lul|”. That is

/ 92, Aou)(Aou) = [Aoul.
Q
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Observe that conditions (G1) and (Ggz) imply that expression Mt is
an increasing function with respect to A > 0 if ¢ # 0; this means that 1 is
increasing. This proves the uniqueness of Ao, and completes the proof of (ii).
In order to show (iii), let u € H§*(?) be such that F(u) > 0. With
the same notation as above we obtain that |ul®> < Jo 9(x,u)udz. That is
|ul> < ¥(1). But 4 is increasing, so it must be Ao < 1.
Let us show now (iv). To do it fix u € Hi*(Q2) \ {0} and consider j(\) =
Ju(A) :== J(Au), for A > 0 . Differentiating j with respect to A we get

j%wzxwf—[g@AMuszwmﬁ—w»}
If A > 0, then j/(\) = 0 if and only if

A (A
L

The function j/(A)/A is a decreasing function, it tends to —oo as A tends
to co. On the other hand limy_,oj'(A)/A > 0 (since ¢'(x,0) < A), hence,
j’ vanishes at only one point on the positive semi axis. Such point must
necessarily be a maximum for j since j(0) = 0 and limy_, o j(A) = —0c0. So
u € S if and only if j/(1) = F(u) = 0, that is J(u) = max; cp+ J(Aup). And
this proves (iv).

Finally we check (v). From (v) in Lemma 2 we know that I(u) > 0.
Since I = J on S it follows that inf {J(u): uw € S} > 0. Let s = /2infg J.
Suppose that s = 0. There would be a sequence {uy} C S such that J(uy) —
0. Since I(uy) = J(ug), in view of (v) in Lemma 2, we get

sup ||luz || = sup/ gz, up)uy doe < sup My (1 + I(ug)) < oo.
k k Jo k

Without loss of generality we may assume that {uj} converges weakly in
H(Q) and a.e. on © to u € HJ*(2). From Fatou Lemma and (iv) in
Lemma 2 it follows that

1
0<I(u)= / ig(m,u)u — G(z,u)dx
Q
1
< liminf/ §g(x,uk)ukd:v — lim G(z,u)dr = likm inf I'(ug)
Q

k—o00 k—o00 —00

= likm inf J(ug) = 0.
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This means that v = 0 a.e. in  (from (v) in Lemma 2). Applying once more
(iv) in Lemma 2, we obtain

Jim s ||? =2 lim {J(uk)+/ G(z,up)dz} = 0.
— 00 — 00 [9)

But S is closed, it follows that 0 € S: a contradiction. So it must be s > 0.
This proves (v). O

In order to conclude this paragraph we give the following lemma which is
the most important property relating the functional J to the constraint S:
it guarantees that a minimizer of J restricted to S is a critical point of J.

Lemma 4. Suppose that ug € S satisfies J'(ug) # 0, then

J(up) > inf {J(u): ue S} (= %)

Proof. Since J'(ug) # 0, there exists wg € H{"(€2) such that (J'(ug), wo) =
1. Given «, t € R we define

v(a,t) == aug — twy € C1(R? — HJ(Q));
U(a,t) == J(v(a,t)) = vaat /vaat
(1) i= F(v(a,t)) = o(a, t)||* - / g(, v(a, t))v(a,t) d.
Q
Obviously ¥ € C'(R?) and ® € C(R?). Moreover

ov

lim — (a, t) = lim (J'(v(a, t)), —wo) = —{(J (ug), wo) = —1.
g o =

There exist, thus, & > 0 and ¢’ > 0 such that
J(v(a,t)) < J(v(a,0) = J(aug), for all (a,t) € (1—¢',1+€") x(0,4"). (18)
On the other hand ®(1,0) = 0. Put p(a) = ®(a,0)/a?. Observing that

g(x, aug) /ug is an increasing function with respect to a, we deduce that ¢
is decreasing. Since ¢(1) = 0, there exists €” > 0 such that p(1 —¢”) > 0
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and ¢(1+4¢”) < 0. By a continuity argument, there exists ¢’ > 0 such that,
forall t, 0 <t < d”,

P(1—£",t) >0and ®(1+£",t) <O0.

(We may assume that ¢’ < ¢ and §” < ¢'.) It follows that for every
t € (0,9"), there corresponds ay € (1 —€”,1+ €”) such that ®(ay,t) = 0.
Fix t € (0,¢”). In view of (18) and Lemma 3 we obtain

thlelg J(u) < J(v(ag,t)) < J(v(ay,0) = J(aug) < Zlé% J(aug) = J(up).

This proves the lemma.
3.3. Adams functions.

Lemma 5. Suppose that g is a function of critical growth which satisfies
(Hg). If a > 0 is such that

sup /g(x,aw)wdxga
wl<1/Q

then a® < (y/b.

To prove the Lemma 5 we shall first construct particular functions, namely
the Adams functions. Denote by B the unit ball in R and by B, := B(0; /)
whenever £ € (0,1).

Claim 1. For all ¢ € (0,1) there exists
u € w:={ue Hy"(B): ulg, =1}

such that
[uel|> = Com,2(Be; B).

Chn 2(K, E) denotes the (m, 2)-conductor capacity of K in E, whenever £
is an open set and K a relatively compact subset of E; it is defined as

Crma(K, E) = inf{||vmu\|§ . ue D(E), ulg = 1}.
To show the claim 1, consider a minimizing sequence {wy} C w,

[will = Crm,2(Be; B).
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Without loss of generality we may assume that there exists u, € HJ"(Q)

such that wy—u,. Since H* () ar L2(RQ) it follows that wy — w, in the
mean, we may hence assume that wy — ug a.e. on Q. Thus w|p, =1 a.e.,
that is uy € w. Moreover

Cm2(Be; B) = [|uel)® .

This proves the claim.
Observe that from the proof of Theorem 3 (refer to [1]) the following
inequality holds
Bo

nlog(1/£)"
Definition 1. Let xg € Q, R < dist(z,092) and 0 < r < R. The Adams
function (relative to xg, 7, R) is the function

nlog(R/T) (m—mo) if _ .
. U, , if |z — x| < R;
Axo,?”,R(x) = { Bo /R R ’ 0|

0, if x € Qand |z —xzo| > R,

luel® = Cin2(Be, B) < (19)

where uy is as in Claim 1.

Inequality (19) implies that Adams functions satisfy || Az, r g, || < 1. This
is easily seen through a variable change and a reduction of the integral to
the unit ball of R™, observing that 2m = n.

Proof of Lemma 5. From Lemma 2 we know that a? < (3,/b; we have
therefore to show that it cannot be a? = 3y/b.

Since Ry = sup,cq dist(z,0Q), by a continuity argument, there exists
xo € Q such that B(zg, Ry) C Q). We proceed by contradiction. Let a? =
Bo/b. Fix t > 0 and let 7 € (0, Ry) such that r := Rgexp(—L£pt?/a*n). (Put
Ap(z) == AgyrR, () for simplicity.) We have aA;|g(yy;r) = t. From the
assumptions it follows that

o> [gtaaandrz [ M otz an
Q B(zo;r) a

y / M OERE | Riho(t)t / o Biho(t)to,
B(xo;r) B(xo;r)

a rn r"a an

Since t > 0 is arbitrary, we get

b< nBo
on R sup,~ (ho(2)t)
which contradicts (Hs).

= Ko,
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Lemma 6. Suppose that g is a function of critical growth which satisfies
both (Hy) and (Hsy). Then
2 _ Po
< —.
TS
Proof. Let w € HJ*(Q2) be such that [|w| = 1. In view of Lemma 3 there
exists A\g > 0 such that A\gw € S. Hence

2

s 1 A3 %
s < J00w) = 3 Dowl = [ Gladow) < 2 ] = 2
Q

2 2’

that is s < Ag. Recalling that Mt is an increasing function with respect
to A and that Agw € S we obtain

/Vwﬂwwmg/ﬂﬁhwwm:L
Q s Q Ao

Then

sup /g(w,sw)wd:vgs.
lw]|<1/Q

From Lemma 5 it follows that s? < [3y/b.

3.4. Compactness. We shall use now Lemma 1 to show the following
compactness result.

Lemma 7. Let u € H"(Q)\ {0} and {ux} C HJ*(Q). If

up — u a.e. on ), up—u,

lim J(uy) = C € (o, %} (a)

2 d b
Jul® > / oz, v)udz, (b)
Sup/ g(l‘,Uk)Uk dr < 00, (C)
k Q

then

lim [ g(z,ug)ug dx:/g(x,u)uda:.
k—oo (9] 9]

Proof. We proceed by steps.
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Step 1. In view of (iv) in Lemma 2 and assumption (c¢) we have

leII;O HUkH2 _ 2/}320 {J(uk) + /Q G(z,uy) dw} 20)
:2(C+/QG(9C7“) dz).

On the other hand, from (v) in Lemma 2, (b) and the fact that u # 0 we
obtain

Then (a) implies

Bo
2b°
Step 2. Case C' < J(u). (20) implies that

C—Ju) <

lim [Jug? < 2<J(u)+/ Glau)de) = [ul].
k— o0 Q

Since HJ"(2) is a Hilbert space and ui—u, we get
up —u in  H(Q).

It follows that
gz, up)up, — gz, u)u in L*(Q).

and thus in L'().

Step 3. Case C' > J(u). Put £ := limy_,o |lux]|> > |Jul|*> > 0. From the
preceding step we may assume that |lul|® < ¢. Hence there exists kg > 1
such that ||ug|| > 0 for all & > ko. From (20) it follows that, for all n € R,
0 < n < 1, there exists k1(n) > ko such that, for every k > k;1(n),

I < 2(C + [, G(z,u) dx)
< = :

[k (22)

From (21) it follows that there exist g, 7o > 0 such that

b 1
(1 + Eo)

B = m(l —10)”.
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Thus, for all k& > kg we have

b 1
(1+ 80)% lu]|* < m(l —10)? [Jul| - (23)
Put k := ki(no), (23) and (22) imply
b s CH+ [, G(x,u)dx
(1+e0) o [uxll” < (1 = o)
Bo C—J(u) (24)

=(1- 2(C+ fw(as,u) dx))l(l —m) < (1~ ||u£||)1

Define v := v/f and vy, = ug/||ug||, for & > k. Obviously vx—wv, v # 0
and ||vg|| = 1. We can apply now Lemma 1 and deduce that, for all p <
(1= [lol*)~,

sgp/ exp(pBo |vk|*) da < oo, (25)
Q
Let pg > 0 be such that

RO ()

From (24), (25) and (26) we get

2
K = sup/ exp [(1+ eo)bui] dz < SUP/ exp (pﬁo k ) dx
o K Ja

2
k [Juk|l

max(1,

< 0.

Moreover from assumption (G4) we have

b
K" := sup |h(z, t)t| exp (— €0y |t|2) < 0.

zEQ
teR
If N >0, then
/ g(z,up)up de = / h(z, ug)ug exp(b|uk|2) dzx
|uk|>N lug| >N

b
< K”/ exp(—¢og [ur|?) exp(b(1 + eo) |ug|*) d
juk| >N

b
< K" exp(—egiNz)K’ =o(1/N).
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Using arguments like those in the proof of Lemma 2, from dominated and
monotone convergence we deduce that

lim g(a:,uk)uk:/g(ac,u)u

and this concludes the proof. [

An important application of the preceding lemma is the following

Theorem 4. (Palais-Smale Condition). Suppose that g(-,-) is a func-
tion with critical growth for problem (D,,). Then the functional J satisfies
the following local Palais-Smale condition: for any C' € (—o0, Bo/2b), every
Palais-Smale sequence {uy} € HJ' (), i.e.,

klim J(ug) =C (27)
and
klim J'(ug) =0, in H-"™(Q); (28)

admits a strongly convergent subsequence in H~"™ ().

Proof. Let us divide the proof in several steps.
Step 1. From (27) and (28) it follows that the sequences {J(ux)} and
{J'(ux)} are bounded in R and H~"(£2) respectively; so
1
[ )| < 1 (i)l + 5 1 ()| Jurell < Cr(L+ ul])-
In view of Lemma 2 (i) we have
| st uunds < Ca(1+ ),
Q
and assumption (Gs) implies that
/ G(z,ug) de < Cs(1+ |lug).
Q
From the boundedness of {J(ux)} we get

HWWSMﬂWW+AG@mw

< Ca(1 A [lurl),
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hence supy, ||uk|| < oo, that is {ur} is a bounded sequence in HJ*(2). We
also have that
sup/ g(x, ug)ug de < oo. (29)
k Jo
Step 2. From the reflexivity of Hj*(€2) and the boundedness of {uy} there
exist ug € HJ"(€2) and a subsequence (which we denote again by) {uy} such
that
lim uy = up, in the weak topology of Hj"(€2).

k—o0

In view of Rellich-Kondrasov Theorem, Hj*(£2) ar L?(Q), we may assume

also that v — ug a.e. on .
Since Hy*(€?) is Hilbert (and thus uniformly convex); in order to show
that limy_, o up = ug it is sufficient to check that

lim sup |lug|| < [luol| -

k—o0

Without loss of generality, we shall assume that
lim |lug| = iminf ||ug] .
k— oo k—o0

Step 3. Suppose C' > 0, then by Fatou Lemma and (v) in Lemma 2 we
obtain

0 < I(up) = /Qg(:n,ug)uo — G(z,up) dz

= liminf | g(z,ug)urdr — lim [ G(x,ui)dx
k—oo Jo k—oo Jo

1
= likminfl(uk) = likminf (J (ug) — §<J'(uk),uk>) =C<0.

That is I(up) = 0 and hence, by (v) in Lemma 2, ug = 0. Therefore, (iv) in
Lemma 2 implies that

Jim (& =2 lim (J(uk.)+/ G(z,ux) dz) =0,
— 00 — 00 Q

whence up — wp, strongly in H§*(2). This concludes for case C' < 0.
Observe that in this case the level C' is necessarily 0 (i.e., there are no
Palais-Smale sequences {uy} such that limg_. J(ux) < 0).
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Step 4. Suppose now that C' € (0, 8y/2b); we shall show first that ug # 0,
second that ug € S and last that

. 2 2
lim sup [Jug||” = |luol|” -
k— o0

If it were ug = 0, from (iv) in Lemma 2, we would have

lim Gazukdx—/GxO
k}*)OOQ

thus
klim llugl|? = 2likminf (J (ug) —I—/ G(z,up) dx) =2C < Bo/b;
— 00 — 00 Q
and (iii) in Lemma 2 would then imply that

lim | g(z,up)upde = / g(z,up)up dr = 0.
k—oo Jo Q

Therefore,

2

as k — 0; from the boundedness of {uy} we would get then that

1
I(ug) = / 9z, up)ur — Gz, uy) de — 0,
Q

1
0<C = lim J(ug) =limk — oo(I(ux) + §F(uk))

k—oo

= lim (I(U]g) + %(J’(uk),uk)) = 0,

k—oo

a contradiction, thus it must be ug # 0.
Step 5. We prove that w € S. For any w € H{*(§2) we have

(J’(uo),w>:/Vmuovmwdx—/g(x,uo)wdx.
Q Q

But (28) implies that ug—ug, thus (applying (iii) in Lemma 2, with vy =
wuy) we obtain

0= lim (J'(ug),w) = lim [ V"u,V™wdr — lim Mwuk dx

k—oo k—oo Jo k—oo Jo Uk

= / V™uoV"w — g(x, up)w dx.
Q
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It follows, putting ug instead of w in the above, that

o2 = / o, uo)uo da (30)
Q

that is ug € S.
Step 6. Finally, observe that (27), C' < 8y/2b, (29) and (30) allow us to
apply Lemma 7 in order to obtain

limsup [Jug|® = lim [Jup||* = lim (F(uk)—i-/g(x,uk)uk dz)
k— 00 k—o0 k—o0 Q

= klim ((J"(ug), ug) + / g(x, ug)ug dx)
— 00 Q
=0+ / g(x,ug)ug de = HuoHQ.
Q
This concludes the proof.

4. Proof of Theorem 1. In view of Lemma 4 it is enough to prove that
there exists u* € S that minimizes the restriction of J on S; recalling the
definition of s, this means that

82

Jw)="2.
)=
Consider a minimizing sequence {uy} C S,
2
s
li = —.
) =5
Since uy € S, we have I(u) = J(ug). In view of (v) in Lemma 2 we get

sup/ g(x, ug)ug de < 0o, (31)
ko Jo

sup ||lug|| < oo. (32)
k

Without loss of generality we may assume that

up—u* e up — u* a.e. on €. (33)
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Claim 2. u* # 0 and
u*]? < / g(x,u")u* dz. (34)
Q
Indeed, suppose that «* = 0. Then (31) and (iv) in Lemma 2 would imply
lim [ugl|® =2 lim {J(ur) +/ G(z,up)da} = s°. (35)
k—o0 k—o0 Q
From Lemma 6 we know that 0 < s? < (p/b. Thus (35) implies that
limy, [|ux||> < Bo/b. In view of (iii) in Lemma 2 we obtain

lim [ g(z,ug)udr = lim Mui dx
k—oo Jo k—oo Jo Uk

= / g(z,u*)u* dx = 0.
Q

It follows that

82

0< 5 = kll)ngo J(ug) = kli)ngo I(ug)
= lim {/g(m,uk)ukdq:—/ G(z,uy)dz} =0,
k—o0 O (9]

which is impossible. It is thus necessary that u* # 0.
Let us show next (34). By contradiction assume that

Hu*|]2>/ﬂg(m,u*)u* dx. (36)

This inequality, (31), and that fact that J(uy) — s2/2 allow us to apply the
compactness Lemma 7, obtaining

lim | g(z,up)upde = / g(z,u")u* d.
k—oo [9) (9]

From (33) it follows that

Ju*]]? < likrgioréf ugl?® = klirgo/szg(x,uk)uk dx = /Qg(x,u*)u* dx,
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which contrasts with (36). Hence (34) is verified and the claim is true.

Observe, now, that (34) means F(u*) < 0. From Lemma 3, there exists
Ao € (0,1] such that \gu* € S. With a similar argument as that in the proof
of Lemma 3, it is easily seen that I(Au*) is an increasing function of A > 0.
Then

2
% < JOou') = I0u") < I(w) < liminf I(uy)
. s
= hkrr_l}g;f J(ug) = 5

We deduce, hence, that I(Agu*) = I(u*) and \g = 1 e u* € S. Moreover, we
get infg J = s2/2 = J(\gu*), and this concludes the proof of the theorem.
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