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ABSTRACT. In this paper we analyze local properties of the Continuous Inte-
rior Penalty (CIP) Method for a model convection-dominated singularly per-
turbed convection-diffusion problem. We show weighted a priori error esti-
mates, where the weight function is exponentially decays outside the subdo-
main of interest. This result shows that locally, the CIP method is comparable
to the Streamline Diffusion (SD) or the Discontinuous Galerkin (DG) methods.

1. INTRODUCTION

The Continuous Interior Penalty (CIP) method was originally proposed by Dou-
glas and Dupont [9] for parabolic and elliptic equations. The idea was to add a
penalization term on the gradient jumps in order to increase robustness for elliptic
problems with dominating convection term. The case of optimal convergence in
the high Péclet number regime was analyzed by Burman and Hansbo [2] and Bur-
man [3] for first order conforming and non-conforming approximation and in the
framework of hp-finite elements by Burman and Ern [5].

In this paper, we are interested in approximating the solution u of the following
model problem

) —eANu+uz, +u=f in
(1.1) u=0 on 0F,

where ) is a polygonal domain, 0 < ¢ < 1, and f € L%(Q).
Let U denote the approximate solution and h the quality of the mesh. Typically
the error is shown to satisfy

1
lu—Ullr20) < Ch* 2 ||ull grrsr

in the high Péclet number regime, where k is the polynomial order and assuming
u has sufficient regularity. Optimal convergence in h of the error in the streamline
derivative can also be derived. These results are similar to the typical estimates
for other stabilized methods such as Discontinuous Galerkin (DG) method or the
Streamline-Diffusion (SD) method [13].

The right hand side of these estimates, however, depends on a global Sobolev
norm. This norm may be large in the presence of layers. Therefore the estimates
can be considered to be of practical interest only in case the solution is smooth.
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However, many problems of interest do not have smooth solutions. Very often
they exhibit ”nonsmooth behavior”, like shocks, boundary or interior layers and
interface discontinuities. Model problem (1.1) for example is known to exhibit
internal parabolic layer of order O(y/elog1/e) and exponential outflow layers of
order O(elog1/e).

In designing a numerical method it is important to know how the method will
behave in the neighborhood of such a discontinuity, and whether or not the resulting
effects are global or local. For example when under-resolved layers are present it is
well known that the standard Galerkin method suffers from oscillations that pollute
the whole solution.

One approach to assess the propagation of perturbations for a given method
is to prove that the local error away from the (possibly under-resolved) layer has
optimal convergence. An appealing way to prove such results is by using weighted a
priori error estimates to prove local error estimates as was done for the Streamline-
Diffusion method by Johnson, Nivert and Pitkiiranta in the case of local L?-norm
estimates [13]. The analysis was then extended by Johnson, Wahlbin and Schatz
to L*°-norm estimates [14]. Recently, similar results were proved in the case of
the residual free bubble method by Sangalli [16] and the Discontinuous Galerkin
method by Guzmén [12].

The CIP method is one instance of a class of symmetric stabilization methods
that has received increasing interest lately. Examples of other members of this
group are the subgrid viscosity method proposed by Guermond [11], the orthogonal
subscale stabilization proposed by Codina and Blasco [8], and the local projection
stabilization proposed by Becker and Braack [1].

In this work we prove weighted a priori error estimates for the CIP method. To
our knowledge this is the first time such estimates have been proved for a method
from the class of symmetric stabilizations. We show that the CIP method has
the same upwind and crosswind error propagation properties as the SD-method.
In particular the penalization of the jumps of the crosswind derivative allows an
improved estimate of the error in the crosswind derivative in the case of piecewise
linear approximation.

Compared to the DG-method or the SD-method the proof of local estimates for
the CIP-method is more involved. This is due to the fact that the stabilization
only controls the part of the streamline derivative that is not in the finite element
space. Therefore the desired control of the streamline derivative is obtained in a
more implicit fashion than for the other methods.

To keep down technical details we consider the simple model problem (1.1) with
constant convection velocity and reaction term. Also, to keep down technical de-
tails, we only give the detailed proof for the case of first order polynomial approx-
imation. However the present analysis extends to the more general case of high
polynomial order and also allows to prove L°°-norm error estimates. We will com-
ment on this in the final section of the paper. In the remaining part of this section
we will introduce the CIP-method for problem (1.1) and we state the main results.

1.1. The CIP method. Let {7} be a one parameter family of face-to-face tri-
angulations of 2, with h = supyc7, hr, where hy = diam(T). The triangulations
are assumed to be globally quasi-uniform, i.e. (if necessary after a renormalization
of h),

diam T < h < C(meas T)1/2, vT € 7p,.
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Through out this paper we assume 0 < h < 1. By V; we will denote a finite
dimensional space of continuous piecewise linear polynomial functions. We will not
pose any boundary conditions on V;. We let S}‘? be the collection of boundary edges,
52 be the collection of interior edges corresponding to 7, , and &, = 5}? U 5,‘? . The
Continuous Interior Penalty approximation U € V}, is defined as the unique solution
to

(1.2) B(U,v) = /va, Yo € Vy,

where
B(u,v) = eA(u,v) + M(u,v) + Jy(u,v) + J1(u,v),
with

Au,v) = /Vu V’u/m(gz +§—Uu)d +WZC muvds,

M (u,v) /uzv—i—/uv—i—/ uv|ng| ds,
a0~

JHuv—h Z/uzvm s,

ec&y)

(u,v) = h? Z /uy Uy ds+h1/2/ uv|n,|? ds.

ecgy

Here n = (ng,ny) is the outward unit vector to 2. The inflow part of the boundary
00~ C 09 is given by

00~ ={(z,y) € 02 : ny(z,y) < 0}.

The constant 7. is a boundary penalty parameter that has to be chosen large
enough in order to guarantee stability.

The choice of h? in the definition of the stability terms .J(u,v) is not essential
and can be replaced with other expressions (cf. [3]). The jump operator is given
by

(o)) = lim (o(2,9) — tne) = ol(z,y) + tn.)),

where e is a mesh interior edge, (z,y) € e, and n. is a fixed unit vector normal to
the edge e. The last term of J; does not appear in the original definition of the
CIP method appearing in [3]. We added this term in order to improve the width
of the crosswind layer to order max(e'/2, h3/4)log(1/h). Without this term we can
only prove that the width of the crosswind layer is of order h'/2log(1/h).

By the regularity theory u € H3+%(Q) for some & > 0 (cf. [10]). Hence u satisfies
(1.2) and we have the usual Galerkin orthogonality property

(1.3) Bu—U,v) =0, YveV,.

1.2. Main Result. The main goal of this paper is to obtain weighted a priori error
estimates, where the weight w is O(1) on

(1.4) Qo = (—00,20] x [y1,y2] N

and decays exponentially outside of a slightly larger subdomain (cf. Figure 1).
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FIGURE 1. Sketch of Qg and QF

More precisely, the weight w is a positive function with the following properties:

C1 <w(zx,y) < Co, for (x,y) € Qo,
lw(z, )| < Ce~(@=w0)/(Kh) for x > xg + h,
lw(z,y)| < Ce~Wmv2)/(Ko) for y > yo + h,
w(z,y)| < Ce~Wr=v)/(Ko) fory <y —h.

Here C7 and Cs are two fixed positive constants, K > 1 is a sufficiently large
number, and o, the size of the crosswind layer, is

(1.5) o :=max(e'/2, n%/*),

Theorem 1.1. For every u € H*(Q) and U € V), that satisfy (1.3) with ¢ < h,
there exists a constant C' independent of u and U, such that

W e = Uallzo) + B2 Jw(u = U)yllrzo) + Q(u = U) < € min L(u =),
where
1
QZ(U) ::8”‘*}va%2(9) + §H(W|ww|)1/2”||2L2(Q) + HWU||2L2(Q)

#0237 (leloallfe + lwlyll3a )
o
1 _
+ §||Wv|nx|l/2||%2(asz) + b2 |won,, ||2L?(89) + Yoeeh 1||WUH%2(69)
and
L2(v) :=h[|wVo| 320y + b~ wo]|72q) + A2 Z (||W[”z]||%2(e) + HW[%]H%?(e))'
ec&y

We point out that by penalizing the crosswind derivative (i.e. by including the
term J in the method) we reduce the size of the crosswind layer for piecewise
linear elements to order o = max(h®/*,£'/2) instead of order o = h'/2.
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To give an application of the above result, let Qy be as in (1.4) and define
OF = {z <29+ sKh|logh|, y1 — sKo|logh| <y < y2 + sKa|logh|} N Q.

Corollary 1.2. Under the assumptions of Theorem 1.1 and assuming u € H* (),
there exists a constant C' independent of v and h such that for any s > 0,

W2 (= U)allLe(y) + 0¥ (w = U)yllz20q) + lu = Ullza(o)
_1 _1
< CR™ 2 ull g gy + T2 lull e ),
with 7, = min(2,?).

Remark 1. Note that in the above estimate r,, can be chosen to take different values
in the different subdomains in the presence of singularities.

The rest of the paper is organized as follows. The next three sections are devoted
to the proof of Theorem 1.1 for the piecewise linear case and constitute the main
part of the paper. In Section 2 and Section 3, we collect some preliminary results
which are necessary in order to carry out the proof of the Theorem 1.1. The proofs
of Theorem 1.1 and Corollary 1.2 are presented in Section 4. The last section
addresses the possible extensions, generalizations, and concluding remarks. Finally
in the Appendix, we provide the proofs of the technical results stated in Section 3.

2. PRELIMINARY RESULTS

In this section we collect some results we require in our analysis. First we recall
the standard trace and inverse inequalities. The proofs can be found in many
textbooks on finite elements (cf. [6]).

2.1. Trace, inverse and interpolation inequalities. For T € 7;, and v € H'(T)
we have

(2.1) vl z2 o) < Cor (R 2 0]l L2y + B2V 12(1)),

where Cy, is independent of T and wv.
If v € PY(T), then

(2.2) IVoll 2y < Cinoh™ vl L2y,

(2.3) vl 2or) < Cinoh™ 20|l 2(7)s

where Cj,, is independent of h and v.
Let T € T;, and v € H?(T), then the interpolation inequality reads

(2.4) IVl 2(ry < C(WH|vll L2y + RlID?0l| L2(r)),
for some constant C' independent of T and v.

2.2. The weight function. In addition to the properties w described above, we
assume that w satisfies,

(2.5) we(z,y) <0, forall (x,y) € Q,

) |D§‘D,5w| < CK*h K PoPuw, for a+ <2,

) |DeDSw| < CK'"*h' K Po Flw,|, for a>1,a+B<2,
) RO(S,w)+ RO(S,w,) < C,, for any ball S of radius Kh,
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where RO(S,v) = maxxes |v(x)|/ minkes [v(x)|. The explicit construction of such
a function is given in [14]. The last property of w enables us to apply the inverse
inequalities (2.2) and (2.3) to functions of the form wv, with v € PY(T). For
example,

Vol 2y < maxw(x)[Vol| ) < r}l{lggw(X)th‘lellw(T)

(2.9) ) . .
S Cinvcw Inel%}w(x)h ||'U||L2(T) S Cinvcwh ||wv||L2(T)7

and similarly
(2.10) wvl|z2a1) < CinoCuh™ 2w L2 (1)

Finally, we would like to note that in the subsequent analysis it is important that
w™! = 1 has the same properties (2.5)-(2.8) as w. For example,

(2.11) |ID,w™ | = w2 Dyw| < w2CK 'hlw=CK 'htw™!
and for any ball of radius Kh,

—1 —1
(212)  RO(S,w1) = BxerlwCII minxer @09 _ RO(S,w) < Cl.

minger[w(x)] =1

maxxer w(x)

2.3. Quasi-interpolant operator. Next we introduce a quasi-interpolant opera-
tor which is similar to the Clément operator [7]. The properties of this interpolant
are essential to carry out the error analysis of the CIP method; see [2, 3, 4]. In
this paper, we use the quasi-interpolant IT presented in [4]. For simplicity we only
consider the piecewise linear case. The value of IIv at a node x; of our finite element
space V}, (i.e. the nodes defined by the Lagrangian polynomial basis) is given by

(2.13) T (x;) ;:Ni > vlr(x).

¢ {T:x;€T}

Here N; is the number of triangles in 7; that contain x;. One of the properties of
IT we will use in the subsequent analysis is the following L2-stability result

(2.14) HHU||L2(T) < CHUHLz(.,.), Yv € L2(7').

3. TECHNICAL RESULTS

In this section we state several results in the form of lemmas, which we require
in order the carry out the proof of the main result. The proofs of these lemmas are
quite technical and are given in the Appendix.

3.1. Weighted estimates for a quasi-interpolant operator. The first result is
a weighted version of Lemma 3.1 in [4]. This result is important in our presentation
and will be used often. This type of estimate is also used in the a posteriori error
estimation for non-conforming finite element methods and can be considered to be
of independent interest.

Lemma 3.1. Let U € V}, and the operator II be given by (2.13). There exists a
constant C' independent of U, h, and K such that,

(3.1) lw(Uz = LU ) IZ20y < Ch Y wlUs]lZa(e)s

e€&p
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(32) fw (WU = (W Un)) 720 < Ch Y [w[UallF2(e) + CK *[[wle|72 (),
eegy

and

WY o V(@ Uy — W) 12y
TeT,
<Ch Y |wlUa]lZae) + CK 2 wUsl 72y

ec&y

3.2. Estimates for the crosswind derivative. The next result is special for the
piecewise linear case. This lemma allows us to prove that in piecewise linear case
the size of the crosswind layer is of order o = max(h3/4,¢1/2). We would like to
point out that the result below holds true for any function in V}, and does not use
the fact that U is the approximate solution.

Lemma 3.2. Let U € V},. There exists a constant C independent of U and h, such
that

LTI I <c(h22w ||L2e>+||wU||L2m+h1/2|wUnu||Lzm)

e€&y

3.3. Estimates for the streamline derivative. In the next result we will give
an estimate for the upwind term. In contrast to the above result, this lemma makes
a strong use of the fact that U is an approximate solution to (1.1). One of the main
technical tools used to prove the following lemma is the weighted quasi-interpolant
results in Lemma 3.1.

Lemma 3.3. Let U € V}, and u € HY(Q) satisfy (1.3). There is a constant C
independent of U, u, and h, such that

hllwUz|Z2(q) < C(Q*(U) + L2 (u)) -

3.4. Superapproximation. The following superapproximation result is similar to
the superapproximation result in [14] and [12]. The difference from the above
mentioned superapproximation results is that instead of a local interpolant operator
we here use a global L2-projection. Because of this, the lemma has an independent
interest. The orthogonal properties of the L?-projection will be essential in our
proof of the theorem. Indeed, this is what allows us to control the convective term
by the gradient jump operator.

Lemma 3.4. Let U € Vj, and u € HY(Q) satisfy (1.3). Let P : L*>(Q) — V}, denote
the L2-projection defined by

(3.4) /vadm:/vxdx, Vx € Vp.
Q Q

Set E = w?U — P(w?U). There exists a constant C independent of U, u, h, and
K, such that

(3.5) h™Hw ™ ElZaq) + hlw ™ VE|L: ) < CKTHQXU) + L2 (u)).
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Remark 2. By using the trace inequality (2.1) and property of w (2.8), we may
include [|w™'E||12(90) on the left hand side of Lemma 3.4, since,

— . -2
lw™ Ell72 50y < Z ggg[w(x)] IElZ:2 o)

TeTy
. —2 —
< €2 Y min w0 (BB e + BIVE )
TeT,
< CLC2 (WM W™ Bl agq) + hllw ™ VE ) ) -

The last result states an important inequality which we will use in the second
part of the proof of Theorem 1.1. The main technical tool used to prove this lemma
is the above superappoximation result, Lemma 3.4.

Lemma 3.5. Let U € V}, and u € HY(Q) satisfy (1.3). There exist constants C
and §, the later may be chosen arbitrary small, independent of U, u, h, and K, and
a constant Cs, which depends on &, but not on U, u, h, and K, such that

B(U,w?U) < CK~'Q*(U) + C5(QX(U) + hl|wUs |3 gy) + C5L2(u).

4. PROOF OF THEOREM 1.1 AND COROLLARY 1.2

After collecting all the necessary technical results in the previous section, we are
ready to present a proof of Theorem 1.1. We prove the theorem in several steps.

Proof. Step 1: Reduction to weigted stability.
In this step we will prove that it is sufficient to show that

(4.1) QU) < CsL(u) + Coh* 2 |wUy | 2 (0,

for all U € V}, and u € H*() that satisfy (1.3). Here § is a constant that can be
made as small as required.
By the triangle inequality, we have

WU = )|z (o) + W2/ |lw(U = w)y |l 2 ) + QU — )

< W2 w(U = Xzl 2@ + R w(U = X)yllL2 @) + QU — X) + CL(u — X).
‘We have used that

B2 = X)all 2oy + 4w — )y lla(e) + Qu — X) < CL(u - y),

which follows from the properties of w, the assumption € < h, and the trace in-
equality (2.10). Hence, it is enough to show that for any x € Vj,

W2 w(U = X)allzz@) + B (U = X)yllL2@) + QU = x) < CL(u = X).
We note that if x € Vj, then U :=U — x € Vj, & :=u — x € H'(Q) and
B(U —a,v) =0, Yové€ V.
Therefore, it is enough to show that
W 2wl | L2 + B4 0T,y | L2() + Q(U) < CL(@).

In view of Lemma 3.2, h3/4||w0y||L2(Q) < CQ(U). Moreover, using Lemma 3.3,
it is sufficient to show

(4.2) Q(U) < CsL(aw) + C5h* 2 |wU, || 2,
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where § is a constant that can be made as small as desired. Using U and u instead
of U and @ we see that we need to show (4.1) for all U € V}, and u € H'(Q) that
satisfy (1.3).

Step 2: Relating Q?(U) to B(U,w?U).

In this step we will show that

(4.3) Q*(U) = B(U,w*U) — 2:-:/

Q
Recalling the definition (1.2), we have

B(U,w?U) = eA(U,w’U) + M (U,w?U) + J|(U,0?U) + J L (U,w?U)

UwVw - VU — 25/ (8—Uw2U + U‘Zw@—“’

90 on on ) ds.

= e|wVU|72 (0 +2€/ UwVw - VU
Q

2
oN

on on h
+/ waQU—i—HwUHZLz(Q)—i—/ WU |ds
Q o0

12 3 [ (UP0).)+ WPV ds-+ B2 Ul | 3 o0

ec&y ¢

Let us first treat the first term in M (U, w?U), namely fQ U,w?U. By integration
by parts and using that w, < 0, we have

1
/waQU:—/ U2wwl-—|—f/ W2U?n,ds
Q Q 2 Jaa

1 1
= ||(w|wx\)1/2U||2L2(Q) + f/ wAU?ngds + f/ W U?n,ds.
2 Joq- 2 Jao\o0-

Because n, < 0 on 027, we have

1 1
/ W2U?|n,|ds + f/ w2 U?n,ds + 7/ WU n,ds
00~ 2 Joq- 2 Jao\o0-
1 1
= —7/ Ww2U%n,ds + f/ WwrU%n,ds
2 Jaa- 90\00-

1
= §|‘WU|7L$|1/2H%2(6Q)'

Since, w is smooth and U is continuous, the jump terms [(w?),U] and [(w?),U]
vanish and we have

/qwm&WA+wmw%an

— [P0 + 20 + U +20,)) ds

= lw[Ua]Z2e) + U122 c) -

Taking into account the above arguments, we have shown (4.3).

Step 3: Initial Estimate for Q*(U).

In this step we will bound the last two terms on the right hand side of (4.3) to
show

(4.4) Q*(U) < CB(U,w?U).



10 BURMAN, GUZMAN, AND LEYKEKHMAN
For the second term appearing in the right hand side of (4.3) we note that
/ UwVw VU = / Uw(wUgz + wy,Uy),
Q Q
hence by Cauchy-Schwarz inequality, (2.6), and using that & < h,

5/ Uww, Uy < el|wUs||2(0)llwzUllL2(0)

Q
< ellolallna@ Ch 2K =2 (wlws )20 2oy
< CK 2 (e wVU 2y + b (@l ) /20 3y )
< CK™'2Q*().

Similarly, by (2.6) and using that by definition (1.5) ¢ = max ('/2, h%/*) and
therefore ¢ < 02,
(4.6)

€/QwayUy < ellwUyll 2@ lwyUllrzo) < ellwUyllz2(@)Co ™ K~ HlwU | 120
< OK ™ (e|wVU(q) + o2 [wUl3(q) ) < CET'QA(U).
Combining, (4.5) and (4.6), we obtain
(4.7) € /Q wUVw-VU < CK~Y2Q*(U).

Next we will estimate the boundary term. By Cauchy-Schwarz inequality, the
property (2.8) of w, and the trace inequality (2.10),

oU oUu
6/39 %WQU ds < 5||w%\|m(aﬂ)HWUHLZ(SQ)
< ngC’im,h_l/2||va||L2(Q)HWUHLZ(BQ)

2 12

€ czC%
< ZHWVUHZL?(Q)_"E wh ||WU||2L2(39)~

Also, using (2.6) and (2.8), we see that
Ow 1€
E/BQ UQUJain dSSCK 1E||(.UU||%2(OQ)

Therefore, if v, > 2C2. C? and by taking K large enough, we have

mv w

(4.8) 26/{m <2Uw2U+ U%}?Z) ds < 1QQ(U).

n =2
If we plug in (4.8) and (4.7) into (4.3) and choose K sufficienlty large we have (4.4).

Step 4: Final estimate for Q%(U).
Applying Lemma 3.5 to the right hand side of (4.4), we obtain

QX (U) < CK'Q*(U) + CO(Q*(U) + h|wUs |32 () + Cs L2 (u).
Choosing K large and § small, shows (4.1). This proves the theorem. [

Now we will prove Corollary 1.2
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Proof. By Theorem 1.1 and the triangle inequality, for any x € V}, we have,
W2 (w = U)all 200 + 0¥ (w = U)yllz(00) + lu = Ullz2(0)
< C(hM?|w(u — U)zllz2co) + P34 |w(u — U)yllrz) + llw(u = U)llz2(0))
<CL(u—x)

sc(h1/2||v<u—x>||Lzm+h—1/2|u—x||Lz<Q¢)+h( 3 ||v<u—x>|%2<e>)
e€&,NOT

+ W2 |wV (u - X 20t + h2 lw(u — X 20

@D IwV(u—X)IIQLa(e)>1/2>-

ecE,NO\QT

Taking x = Iru to be the Lagrange interpolant of u and using the approximation
theory together with the trace inequality (2.1), we obtain

W2V (u - Ihu)ll g2y + h2 u - Inull 2y + b > IV -l

ecE,NQY
_1
< Ch™™2 ||u||Hm(Q;")
For the other terms using that w = O(h®) outside of QF, we have

W2V (u — Inu)l 2oty + h=1 2 lw(u — Inu)| 20ty

1/2
+h Z |wV(u—Ihu)|%2(e)) <
ecE,NO\QT

1/2
Ch? <h1/2||V(u — Ihu)HL’z(Q) + h—1/2||u — Ihu||L2(Q) + h( Z HV(U — Ihu)”%Q(e)) )

e€ép

Similarly, by the trace inequality (2.1) and the approximation theory, we have

2
W2V (u = Tyw) | 2oy + B2 lu = Tyul 2oy + b (Z [V (u— Ih“)”%%e))
eely

< (h1/2||V(’LL - IhU)||L2(Q) + h71/2||u — IhU||L2(Q) + hru7% ||Druu||L2(Q)>

< Chm_%Hu”HW(Q)-

This proves the corollary. ([

5. EXTENSIONS AND CONCLUDING REMARKS

There are several extensions of the above analysis that are straightforward al-
though technical. Below we will comment on some of the more important ones.

5.1. High-order elements. The extension of the present analysis to high-order
elements is straightforward. In our analysis, only Lemma 3.2 makes strong use of
the vanishing second derivative in an essential way. It seems that the crosswind
jump term (i.e. J) is useful to control crosswind smearing only in the piecewise
linear case. It remains unclear whether the crosswind stabilization for high-order
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elements has any effect. However, we can still prove a slightly weaker result than
Theorem 1.1 of the form
(5.1) A2 w(u — U)zll2) +Qu—-U) < C Xn’lel‘;l L(u — x),
h

where we need to take o = h'/2. This means that we can only prove that the
crosswind layer is of size h'/? rather than max(h3/%,'/2). It is not clear if this
result is sharp for high-order elements.

Since the Lemma 3.2 does not hold for k¥ > 2, in order to establish (5.1) one will
need a slightly different superapproximation result of the form

hHw ™ EllZ2 () + hllw™ ' VE| 72

(5.2) B
< OK (WU 1220y + [l (lwws ) 201172 (q))-

5.2. L*°-norm estimates. In this paper we have presented weighted error esti-
mates in L?-norm. Using similar weighted stability estimates one can prove sub-
optimal L°°-norm estimates in regions away from boundary layers. More precisely,
if we use the technique in [15], we can prove

||’LL — U||L°°(Qg) S Chll/s,
where Qg C 2 and the distance from €2y to the outflow part of the boundary of €2
is at least K'hlog(1/h)) for a sufficiently large constant K.

5.3. No reaction term and variable convection. In our presentation, for sim-
plicity, we assumed the reaction term in (1.1) is just u. However, if instead we have
used the weight function presented in [12, 16], we could have shown the results for
a more general problem
—eAu+-Vu+cu=f inQ,

u=0 on 0,

where 8 € [L>(Q2)]? and ¢ € L>=(), ¢(z) > 0.

(5.3)

5.4. Summary and concluding remarks. We have proved a weighted a priori
error estimate for the CIP method applied to a convection dominated second order
convection-diffusion equation.

We also proved that by including extra terms we can reduce the size of numerical
layer in the crosswind direction. Typically the numerical layer in the upwind direc-
tion is of order O(hlog1/h) whereas it is of order O(h'/?log1/h) in the crosswind
direction. In our analysis of the piecewise linear case by adding an extra penalizing
term and using o = max(h3/ 4 g1/ 2), we are able to reduce the size of the crosswind
numerical layer to order O(h%/*log1/h).

The reason we were able to accomplish this is that once Lemma 3.2 was estab-
lished, we could use the superapproximation result, Lemma 3.4. The reason that
Lemma 3.2 holds is that we have included the term J, in the definition of the CIP
method. In other words, penalizing the jumps of the crosswind derivative allows us
to reduce the size of the crosswind numerical layer to o = max(e'/2, h%/4) in the
case of piecewise linear approximations. This argument is similar to the results of
[14], where more crosswind diffusion was added in order to reduce the crosswind
smear. Note however that in spite of the fact that the CIP-crosswind diffusion is
weakly consistent this property does not seem to generalize to the case higher order
polynomial approximation.
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These types of results are expected to be of interest in problems in fluid me-
chanics. For example, if similar results hold for the CIP-method of [4] applied to
the Oseen’s equation it would mean that, away from boundary layers and singular-
ities, solutions to the linearized equations of incompressible flow will be accurately
approximated by the CIP-method also in the high Reynolds number regime.

6. APPENDIX: TECHNICAL PROOFS

6.1. Proof of Lemma 3.1.

Proof. Let A(T) denote the closure of the set of triangles T” € 7}, such that TNT" #
(). We start by proving (3.1). By [4], for any piecewise polynomial function p

(6.1) lp = TIpll72y <Ch Y P72
e€&,eCA(T)

Using (2.8) and (6.1), we can estimate the left hand side of (3.1) as

lo(Ue = TU))F2y < Y maxfw@)PIIUs — LU 72(r)

xeT
TeT)
< C) maxlw(x)’h DR | 28 [
TeT, ec&,eCA(T)
< CthZHW[Uz]H%%e)v
6682

which proves (3.1).
Next we will establish (3.2). By the triangle inequality,

lw™ WUy = (w?Us)) 1720y < C(llw™ (I(w2Uy) — (W’ U)) 720
+ o™ ((w2Us) — w2Us)|[72(0)
+ o™ (WUr — w?Us)|72()) = CI1 + Iz + I3),

where w? = ﬁ fT w? is the average of w? over each triangle.
Using (2.12) and the stability of II in the L2-norm, we have

L= o (wUs) = L@ Ua)lF2er)

TeT,

(6.2) <C I)CIIGi%l[w(X)]72HpU$ - wQUxHiz(T)
TeTn

< CC2lw™ (W2Us — WU F20) = CC21s.
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Thus, we need only to estimate I and I3. To estimate I3 we use the fact that
|w? —w?|| oo () < Ch||V(w?)|| Lo () and the properties of w (2.6) and (2.12). Thus,

Iy = lo™ (W2Us — w*Ua)22(r
(T

TeTy

<C Y min | 2R V(W) () 1Tz 22 (7
TeT,

(6.3) ' —27-—2||, 4

<C> mln K2l oo () Uz |72 ()
TGT;L

<CC; Z K72||WU$H%2(T) = CC;, K72||WU96||2L2(Q)'

TeT),

Thus, we are only left to estimate I5. Again using (2.12), (6.1), and the triangle
inequality, we have

(6. 4)
Z |w™H(M(w2U,) — w2U, >||L2(T)
TeT),
< Y- minfw()] H@2U) ~ L2Us)|Fe(r)
xeT
TeT),
<C Y minw)]h Y WU
TET, e€&) ,eCA(T)
<SOR3 migloCl™® 30 (I Ualaco + I )0l )
TeT), e€&l,eCA(T)

Since w is smooth, [szgC] = w?[U,], and using (2.12), we have

h Z mln Z HWQ[Ux]HQLz(e) <C2h Z Z ||w[UfI?H|%2(e)

TeT, ™ e€&P ,eCA(T) TeTh e ,eCA(T)
<hCCE Y (w[Ua]lF2 (e
ecEy

To estimate the remaining term in I, we proceed similarly to (6.3) and use the
inverse inequality (2.3) applied to [U,],

h Z f{neiITl[(,u(x)r2 Z ||[(?_W2)Ux]”%2(e)

TE€Th ecE,eCA(T)
<Ch Z mln ()] 2R2 |V (@) I7 o acry) Z U172
TETh e€&,eCA(T)
< CCZanh Z Inln 2K 2”0} ||Loo A(T Z hianx”%?(T)
TGTh TCA(T)
< CCZQnUCf' -2 Z Z ||WU ||L2
TeT, TCA(T
< Ccfnvc:.lz -2 Z HWU-’JU”LQ(T) CCZanCé 2”wa”%2(9)
TeT),

Combining the above two estimates with estimates (6.2), (6.4), and (6.3), we prove
(3.2).
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Finally, to obtain (3.3), we apply (2.12), triangle inequality, and the inverse
inequality to w2U, — II(w2U,), we obtain,

WY o™ V(U = TwPUa) |20y

TeT,

< Ch? Y minfuw(x)] 72|V (@20, — D@20 |3y
TeT,

<cn? gg;g[w(xw (IV(@2Us = &PUn) 322y + IV @20, = H@?U2)) 32
TeT,

<0 Y minfo()] 2 (B2IV@20, = U3y + Chay [PV = M@?U) 321 )

TET,

< CCE Y W™ V(@2 = w0 [y + CCE,CE Y W™ @PUs = H@2Un) 32 ry
TE€Tn TeTh

<CC Y W w V(W = WU 72y + CCF, Co (I + Io).
TET),

Since we already showed the desired estimate for I; and I, to finish the proof we
use (2.6), (2.12), and noticing that VU, = 0, we obtain,

h? Z o™ V(@2 = w)Up)|[Z2(ry = h° Z 12Vl |72y < CK 2 Z [wUs 121
TeT), TET, TEeTy

This concludes the proof of the lemma. ([
6.2. Proof of Lemma 3.2.

Proof. Using the integration by parts and the fact that U, is piecewise constant,

(6.5) |lwUy HL2(Q Z/ WU, = (—/T2wwyUUy+/aTw2UUynyds).

TET, TET,
Using the property of w, namely (2.6), the Cauchy-Schwarz and arithmetic-geometric
mean inequalities, we can estimate the first term on the right hand side by

—h3/2 Z /2wwyUU < CR K wUy || 2oy |wU | £2(0)

6.6 TeT)
(6. .

2
< 7||WU HL?(Q +CK~ ||WU||L2 -
By the Cauchy-Schwarz and arithmetic-geometric mean inequalities, we can esti-
mate the second term on the right hand side by

WS [ U s <0 S JulU s Ul

TET eegy

+ W3 2||wUny || 200 [wUy || 22 (00)

<3 3 (P10 + AUl
ec&y
h?/2 1/2 2

t 10z o2 o2 WUy 17200y + ChY2|[wUny 17250

muv
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Since by (2.10)
WUyl 72(00) = Z [wUy 1720y < Z lwUy 17207

ec&? TeT,
< sznvc2h ! Z ||wa||%2 CEnva; 1||WUy||%2(Q)7
TeTy,
we obtain
XY / WUUyny ds < Ch* > [lwUy]172(0) + ClwlU |32
(67) TeT), 9650

3/2
+ THWUyHZL?(Q) + C'hl/QHWU”y ||%2(zm)-

By absorbing the term %/2|\wa||%2(9) appearing in (6.6) and (6.7) by the left hand
side of (6.5), we complete the proof of the lemma. O
6.3. Proof of Lemma 3.3.

Proof. We start the proof of the lemma by adding and subtracting the Clément
interpolant of w?U,,

(6.8) lwUs 1720 :/QUIH(UPUQC)JF/QUQE(&UI—H(&Um)).

Using the Cauchy-Schwarz and geometric-arithmetic mean inequalities and the
Lemma 3.1, we can estimate the last term on the right hand side by

/ Up(W?Uy = T(w?Uy)) < [[wUsl| L2 (@) lw ™ (@ Uz = TH(w?Us))l| 22(0)
Q
1 _
< *||wUx||2L2(Q) + o™ WUy = TH(W?U) |72y
<~ ||°JU 1720y + CK 2 ||wUs 1720y + CP Z w[Ua 172 (e)-

eEEO

By choosing K large enough we can kick back the first two terms on the right hand
side and from (6.8) we obtain

lwUe 1720 /U M(w?Uz) + Ch Y [w[Ua]llF2 ()
6650

Since h? Deee [w[Us][172(y is one of the terms of Q*(U), to complete the proof,
we shall show

(6.9) h/ U II(w?U,) ||wU 1720y + C (Q*(U) + L?(w)) .
To establish (6.9) we will use the orthogonality condition (1.3),
(6.10) B(U,I(w?*U,)) = B(u, I(w?U,)).

Thus from (6.10),
(6.11)

/ U II(w?U,) = B(u, II(w?U,)) —/ U H(szx)|nx|ds—/ U I(w?U,)
Q onN— Q
— eA(UIN(w?U,)) — Jy (U, I(w?U,)) — Jo (U, I(w?Uy)).
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We bound each term of the right hand side separately. In details we will only
demonstrate the estimates for e A(U, II(w?U,)) and J (U, TI(w?U,)). The estimates
for the other terms are very similar. We start with

—e AU, TI(w?U,)) = — 5/ VU - VII(w?U,)
Q

(6.12) + 5/89 (‘ZZH(&UI) + WU) ds

—6’)/bch_1 UH(W2U$)d8211 —|—Ig+[3
o

Adding and subtracting w?U, we have

Z—EZ/VU V(wiU,) —¢

/VU V((w?U,) — w?Uy).
TeT, TeT,

The first term on the right hand side we can estimate by using the properties of
the weight function (2.6)-(2.8) and the fact that U, is piecewise constant,

EZ/VUVMU = /VUV Us)

TeTh TeT),

= 25/ VU - VwwU,
(6.13) Q

< CEK_lh_l Z ||wVU||%2(T)
TeT,

= CeK "W M [wVU|[72(q)-

To estimate the other term, we use the Cauchy-Schwarz and arithmetic-geometric
mean inequalities and Lemma 3.1,

ey /VU vV (II(w?U,) — w?U,)

TET,
<oh / VU gy + Sh 3 o V@A) — w?Un) )
(6.14) TeT, TET,
S h M wVU 720y + Ce Y w[Ua]ll72(e) + Ceh™ K 2|l 720
6650
< Ceh~ 1||wVU||Lz(Q) +Ch Z |wl[U. HL2(e
6650

In the last step we used the assumption ¢ < h. Thus, from (6.13) and (6.14), we
get

|I,] < Ch™'Q*(U).

Next, we will bound the remaining terms of —eA(U, Il(w?U,)), namely I and Is.
By the Cauchy-Schwarz inequality

|Io| < el|lwVU| 200 lo™ T (w?Us)| 200 + €llw™ ' VIIw?Uy)|| 200 |wU || 2 (00 -

By the arithmetic-geometric mean inequality

_ 1 1, _
lwV U]l 200 llw ™ TH(W?Us)[| L2 (90 < §HWVU||2L2(GQ) + in M(w?Us) 17206 -
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Using the properties of w (2.8) and inverse inequality (2.3),

[wVUI72(50) < Z max W) PIVU 72

6655
<cz. ht Z max |VUHL2(T)
TGYZ
< Cugjcfnvh_ Z ||WVU||%2(T) Cug;CZan 1||WVUH%2(Q)
TeT),

Using (2.12), inverse inequality (2.3), the triangle inequality, and Lemma 3.1, we
have

_ -2
o™ (w2 Us) 7200y < D min [w(x)] (@ Us) |72,
6658
< Chh ™t Y min [w(x)] WU |2y
TET%
< C2,h7' Y minfu( (||H< U2) = & UslFacry + 192 Uallfa )
TeTy
(6'15) 2 2 1 71 2 2
<C2CE Y (||w Uz) = 02U 2y + U 3
TeT,
<O wUall3 o) + Ch K2 wUs 132y + C2CE, b wUal32 ()
6680
<C D wUallF2() + ChHw VU720
6650

Using the assumption € < h, we have shown,

(6.16) elwVU| L2 o0y lw™ T Uy )| 12(a0) < Ch™'Q*(U).

Similarly, by the arithmetic-geometric mean inequality

lw ™ VILW?Us) || 2200 |wU | L2 00y < W2 |lw ™ VINw?Us)||72(00) + (20) 2 |lwU|1Z2 00,
Proceeding exactly as in the estimate (6.15), we obtain

W o™ VI U G200) < C Y wlUallZae) + Ch™H wVU [ Z2(q)

c€&l
Again using the assumption € < h, we have
(6.17) ellwVU|| 200 o™ (W Us) | L2 00) < ChTIQ*(U).
Thus, from (6.16) and (6.17), we have

|I2] < Ch™'Q*(U).
Similarly, we can show

[Is] < Ch™'Q*(U).
Thus, we have shown

(6.18) —ehA(U,TI(w?U,)) < CQ*(U).
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In a similar fashion, we can show

h’/ UTI(w2U, )| | ds
o0~

+ h‘ / Ull(w?U,)
Q

+ h’J”(U,H(w?Um))‘
(6.19)
+h

ILOTRT)| £ CQHO) + ChK ™ + 0l
We will demonstrate this for

J. (U, (w?U,)) = h? Z/ (W2UL))y ]ds+h1/2/ UTl(w?U,)|ny|ds.
ec&y)

We start with the last term. By the Cauchy-Schwarz and arithmetic-geometric
mean inequalities,

B2 /m UTI(w?Uy ) ny[2ds < Csh™ 2 |wUny |32 a0, + 0h%/2||w™ (W U,) [} 90

Since hl/QHwUnyHQLQ(aQ) is one of the terms of Q*(U), we only need to treat the
last term. By the properties of w, inverse inequality (2.3), the triangle inequality,
and Lemma 3.1,

o 20, 22 g0y < CanC2A ™ THw2U) e
<2, C2h (nw(H(wm) U By + ||wUx||ia<m)

SO wlUallifeqe +h™H(CK ™ + CLCo) lwUsllZs o)-

ec&yp

Thus,

W2 [ Ul s < Cah™ 2 U, [

(6.20)
+CRY2 N " wU]l[F2 (e + SRM2(CK 2 4+ CZ,,C2) |wUs 720 -

6659
Next we estimate the other term of J, . By the arithmetic-geometric mean inequal-
ity,
w3 [T s <€ 3 HlU ) + Bl ITU), e
ecEy) ecgy

Again, h? Decey [w[Uy]l[Z2 .y is one of the terms of @Q*(U), hence we only need to

treat the last term. By the properties of w, inverse inequality (2.3), the triangle
inequality, and Lemma 3.1,

WY o™ @2 Un))y 12 < CA* ) min [w(x)] VWUl

ecEy) TeT,

<On? Y (o™ VILWUL) = 0200 [Faer) + VeUsliar )

TeT,

<Ch Y |wlU

ecéEy)

||L2(e)+CK ?|wUs ||L2(Q)
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Thus,

w Y [OO@U))lds < Ch S (Joltala + 1030
(6.21) ceeo e ecsy)
+ OK ~?[|wUs 12 (0
Combining (6.20) and (6.21) we obtain
WIL(UTI(PU,) < CQAU) + (CRE 2+ 6h/2C2,C2) [wUs R,

mnuv w

Therefore multiplying (6.11) by h and using (6.18) and (6.19),
(6.22) h/ U N(w?U,) < CQ*(U) + Ch(K 2 + 6)|[wUs |72 () + hB(u, I(w?U,)).
Q
It remains to bound
B(u, M(w*Uy)) = eA(u, I(w?Uy))+M (u, (w?Uy ) +Jj (u, I(w?Uy) )+ J 1 (u, I(w?Uy,)).

The bound of the first term €A (u, II(w?U,) follows in the same fashion as (6.12).
Now, we bound

M 1) = [

Q

u I (w?U,) +/

ull(w?Uy)|ng| ds + / ull(W?U,).
o9~ o

Adding and subtracting w?U,, we have
/ u (w?U,) = / upw?Uy, + / uy (T(W?U,) — w?U,).
Q Q Q
By the arithmetic-geometric mean inequality
1
| ottt < S Uulia + Clloraliage
and by Lemma 3.1,
[ t,) = 0202 < Cllwnsl gy + Cllo™ (WP02) - U)oy
Q
< Cllwue|F20) + Ch'Q*(U) + CK 2 |wUsl|72(q)-
Therefore,

h
h | uIl(w?U,) < EHWULEHQLQ(Q) + CL*(u) + CQ*(U) + ChK ?||wUy |72 (0 -
Q

We can easily bound the remaining terms of M (u, II(w?U,)) to arrive at
h -
M (u, T(w?Uy)) < 2 llwUsl72(0) + CL*(w) + CQ*(U) + ChK 2 wlUs 72 (q).

The estimates of Jy(u, I(w?U,)) and J. (u, I(w?U,)) can be estimated along the
lines of the estimate for J, (U, II(w?U,)). Assembling all the bounds of the terms
of B(u,(w?U,)) we obtain

h _
hB(u, (w?Uy)) < gllexHQm(Q) +CL*(u) + CQ*(U) + CME 2 + ) |wUsl[ 720

Using the above inequality, estimate (6.22), and taking K large enough and ¢ small
enough, proves (6.9). This completes the proof of the lemma. O
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6.4. Proof of Lemma 3.4. As we already mentioned above, this superapprox-
imation result is similar to the superapproximation results of [13] and [10], but
here instead of local interpolant operator we have to deal with global L-projection.
Because of this fact the proof is much more involved.

Proof. Recall that E = w?U — P(w?U), where P is the L2?-projection defined in
(3.4). Using that v — Pu is orthogonal to V},, we have

||w71E||2L2(Q) = /Szw72(w2UfP(w2U))(w2Uf P(W?0))

/ (WU — P(W?U))(U — w2 P(w?U))
Q

= /Q(sz — P(W?U)) (I (w2 P(w?U)) — w2 P(W?U)),
where I, denotes the Lagrange interpolant.
Thus, by Cauchy-Schwarz inequality,
lo Bl < o Bl loln@ 2 P@R0)) — -2 P@2U0)) | 2.
Hence,
Jo™ Bl 20 < lw(n(@ 2 P@20)) — 0 2PW20)) | 2.
By following the proof of Lemma 2.2 in [14] and using (2.11) and (2.12), we get
hHlw(Ih (W P(w?U)) = w2 P(w?U)) | L2()
< CKTV2R 2020 (P02 + B ™ (P20)y 120
™ PR 2y + @ (@ )a )2 PR0) | 20)).
Therefore by the triangle inequality,
(6.23) W w B2 = CKY2R7Y2(S) + S,),
where
$1 = BT @A)l ey + B (@20, o)
HwUll2@) + 1w (@™ e ?w?U | L2 () -

and

85 = W2 (P(2U) = 2U), |20y + WY ™ (P2U) = 020), ll12(0)

+ wH (PWU) = w?U)ll2(0) + (0@ ™))V (P@PU) = w?U)|L2(0)-

One can show using the product rule and (2.6), (2.7), and (2.8) that

Sy < ChM2|wUs | L2 () + CR*H|wUy || L2() + WU |22 () + | (lowa )2 U || L2 (-
Therefore, by Lemma 3.2 and Lemma 3.3, we have

51 < C(Q(U) + L(uw)).

Now we bound S5. It easily follows that

sg<cy (hnwl(P(uﬂU) — 20|y + B2 (PW2U) = 20, ey
TeT,

+ W™ (PWPU) =0 U) 1 Za iy + 1@ (w™)a )2 (PWPU) — sz)Iliz(T)>-
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We analyze the first term. By using (2.12) and the interpolation inequality (2.4),
we obtain

> e ™ (PWPU) = w?U)alfery = min [wEO] T N(PW?T) = wU)all72(r)

TeT, TeT,

<002 Y (H 2w (PWRU) — 2U) 3y + W2~ D PU) = 20 [, ).
TeTy

Since P(w?U) is piecewise linear,
> e D (PWU) = PU)l[fary = Y, o™ DX (WP0)|[72(r),
TeTy TeT),

and we can show using the product rule along with properties of w that

WY w DX [Fery < C<hIIwUzII%z<Q)+h3/2lleyII2Lz(m
TeTh

(6.24) HwUll720) + II(Iwwx)l/zUlliz(Q))
Together with Lemma 3.3 and Lemma 3.2, we obtain
WY lw T DA (P(WPU) = wPU)|Fary < C(QX(U) + LP(u)).
TeT,
Therefore, we have shown
h Z lw H(P(W?U) = @?U)allieqry < Ch7Hw ' Ellf2(q) + C(Q*(U) + L?(u)).
Tej‘h
In a similar manner we can bound the remaining terms of S3 to get
53 < Ch M w ' El72(q) + C(Q*(U) 4+ L*(u)).
By taking the square root of both sides we get
Sy < Ch™Y 2w B 120y + C(QU) + L(uw)).
Therefore, if we use the bounds for S; and Ss, (6.23), we see that for K large
enough
hHw B2 o) < Ch™Y2 K-Y2(QU) + L(u)).
By (2.8) and (2.4), we get
o™ ' VE| 72y < Ch2|w  Ell72(g) + OB ) |lw™ ' D*(@?U)| L2 (0
TeT),
The proof is complete once we use the estimate (6.24). g
6.5. Proof of Lemma 3.5. Presenting the proof of this lemma, we assume that
the reader is already familiar with proofs of the previous lemmas. Hence, in the

proof below, we skip some steps which appeared already several times in the proofs
of the previous lemmas.

Proof. By adding and subtracting B(U, P(w?U)) and using the orthogonality prop-
erty (1.3), we have

B(U,w?U) = B(U,w*U — P(w?U)) + B(U, P(w?U))
(6.25) = B(U,E)+ B(u, P(w?U)),
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with E = w?U — P(w?U), where P is the L?-projection defined in (3.4).
First we bound B(U, E). Recall that
B(U,E) = A(U,E) + M(U,E) + Jy(U, E) + J (U, E).

We start with

U OE .
5A(U,E):5/VU~VE—5/ (B + S U) ds + L=
o) o0 871 87’1

The first term can be bounded by using Lemma 3.4 and the assumption ¢ < h,

UFE ds.

h Joq

[ VU VE < eloVUlialo VEl oo
< Ceh™PETV2|wVU | L2 () (QU) + L(w))
< OK 12| wVU||3 o) + CK 2 (Q3(U) + L* (u)
<CKY?(Q*U) + L*(u)) .
The remaining terms of e A(U, E) can be bounded in a similar way. Thus we get
eA(U,E) < CK™Y2 (Q*(U) + L*(u)) -

The next term we will treat is
M(U,E):/UQCE—i—/ UE|nm\ds+/UE.
Q a0~ Q

By using that E is orthogonal to V}, Cauchy-Schwarz inequality, Lemma 3.1 and
Lemma 3.4,

Jvee= [ -nwe
Q Q
< O Pw(Uy = T(UL))lz2 )b 2 lw ™ B 2o
<C Z W w[Ua] |72y + P HIw ™ Bll72(q)
ecéE))

< CK'Q*(U) + CL?(u).
Similarly, we can bound the last two terms of M (U, E). Thus, we obtain
M(U,E) < CK~Y2Q*(U) + CL*(u).

In a similar fashion we may bound the remaining terms of B(U, E) (following the
proof of Lemma 3.3) to get

(6.26) B(U,E) < CK™'2Q*(U) + CL*(u).

It remains to estimate B(u, P(w?U)).
We start with

ou

eA(u, P(w?U)) :s/ﬂvu-vp(w?U) —s/m <6nP(w2U)+ ap(w?U)u> ds

on

+ eYpech ™t / uP(w?U) ds.
o
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Using the Cauchy-Schwarz, arithmetic-geometric mean, and the triangle inequali-
ties, we can bound the first term on the right hand side as

E/ Vu - VP(w?U) < CellwVu| r2)llw™ ' VP(W?U)| 12 (a)
Q

< CoellwVulliz() + 8 (I VE|Zz o) + | V(w20) |2y )

where § is some small number to be chosen later.
By the superapproximation result, Lemma 3.4, we have

o™ VE|22q) < CRTHETHQA(U) + L2 (w)),
and by the triangle inequality
||W71V(W2U)H%2(Q) < HWVU||2L2(Q) + 4||VWUH%2(Q)'

By the properties of the weight function (2.6) and (2.7), we have
(6.27)

IVwU|Z20) = / w2U? +/ woU? <Ch 'K~ / wlw, |U? +CJ’2K’2/ w?U2.
Q Q Q Q
Using that €e < h and € < o2 we have
e(Vu, VP(w?U)) < Csel|lwVul|72q) + CEKH(Q*(U) + L (u))
+ COKH(wlwa)2U 1720y + COK 2 ||wU ||72(q + COcellwVU |35,
< Csel|wVull7z ) + CSKH(Q*(U) + L (u)).

Now we will treat the eypch ™! [, 90 uP(w?U) ds term. By the arithmetic-geometric
mean and triangle inequalities, we have

/em uP(w?U) ds < Cé”““”%%aﬂ) + 5”"‘)71E”2L2(6§2) + 5||WU||2L2(09)~
By the trace inequality (2.1)

||WU||%2(39) < Ch_l”‘ﬂu”zm(m + Ch”V(WU)”%z(Q)
Using (2.7), we have

[VwullZ2qy < ChT2K ™2 |lwullZs(q)-
Thus,
628)  lwulaen < C (h wulbag + blwVulba ) < CI2(w)
By the Remark 2,
o™ Bl 200y < CKTHQ*(U) + L*(u)).
Thus,
eypeh ™t / uP(w?U)ds < CsL?(u) + CK'Q*(U) + C6Q*(U).
o0

Next we bound

Jj(u, P(w?U)) = b* Z [ug][(P(w?T)),] ds.

ecE0 7€
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By the Cauchy-Schwarz and the triangle inequalities

h? /[uw][(P(MQU))m] ds < Csh?||w[Vulll72(c) + 0h%|lw™ {(P(w*U))a] |2 o)-

e

By (2.12), inverse inequality (2.3), and the triangle inequality, we have
D P (P@U))allFae < C D hllw (PW?U))all72(r

ecgy TeTh
< Ch (o™ @2 0)allfz() + o™ Bellfae)

<Ch <||%U||2L2(Q) + |wUs |20y + ||w_1Ew||2L2(Q))
Since
hllwsUl720y < CK 7 [(@lwe)?U[72 (),
by Lemma 3.3 and Lemma 3.4, we have
Y PP PWPU)alllfee) < C (KT'QX(U) + Q*(U) + L (w)) -
ecgy
Hence
Jj(u, P(w?U)) < C (6Q*(U) + L*(u)) .
The estimate of J (u, P(w?U)) is similar. It remains to bound
M (u, P(w*U)) = =M (u, E) + M (u,w?U)
The first term can be controlled by using the Cauchy-Schwarz inequality and the

superapproximation result of Lemma 3.4. The second term we integrate by parts
and split the term in the following fashion

|M (u,w?U)| = /(uc%wU—&—uwZUw)
Q

< W lwu] 2@ (@lwe ) U2 + 57 F wull 2oy ol 220,
Similarly to the analysis above, we obtain,

| M (u,w?U)| < 8(Q%(U) + h||wUsz | Z2(q)) + CsL*(u).
Thus,
(6:29)  B(u, PW2U)) < CK'QX(U) + COQ(U) + hlwls [22(0y) + CsL2 ().
Combining estimates (6.28) and (6.29) we conclude the proof of the lemma. O
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